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PREFACE

The fundamental problem in the theory of differential equations is

that of deducing the properties of the solutions of a given differential

equation from the analytic form of the equation. Although occasionally

and fortuitously this may be accomplished very simply by expressing the

solution in terms of the elementary functions of analysis, in general the

eqtiations which appear in theoretical investigations, of both mathemati-

cal and physical origin, are not explicitly integrable. Rather they con-

stitute the principal source of new transcendents whose properties may
be determined only by a systematic and penetrating analysis of wide

classes of equations.

We shall in this book consider only real solutions of real equations and

the behavior of these solutions as the independent variable increases

without limit. In problems of physical interest this variable is most

frequently the time. The properties of the solution of greatest interest

to us will be boundedness, asymptotic behavior, oscillation, and stability.

No attempt has been made to be encyclopedic and to catalogue every

result that possibly falls within our scope. This is neither feasible nor

desirable in an introductory volume. We have rather tried to unify the

theory as much as possible by focusing attention on a small number of

powerful techniques. It is for this reason that we have not scrupled

occasionally to prove theorems several times over, employing varied

approaches.

The arguments throughout are elementary, depending only upon the

fundamental concepts of analysis. It is due to this fact that much of the

work is quite difficult, since many of the results must be built up, block

by block, tediously and laboriously, from the elemental notions, each

new result requiring a new structure.

To preserve the elementary character of the work, we have omitted

any discussion of periodic solutions of nonlinear differential equations,

such as the famed equation of Van de Pol, since such discussion would

require the use of quite advanced analytic and topological tools.

The plan of the book is as follows: In Chap. 1 we study the funda-

mental properties of linear systems, deriving the results which are essen-

tial for the later deeper study of linear and nonlinear systems. To that

vii
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end we introduce vector-matrix notation and study simple transforma-

tions of matrices which are of great utility in the theory of asymptotic

behavior. It has been intended that the account given of the small

amount of matrix theory required be self-contained. Unfortunately,

there is no single source to which we can refer the reader for any more

extensive treatment covering the topics that are needed.

In Chap. 2 we turn to the interesting and important question of deter-

mining the asymptotic behavior of solutions of equations whose coeffi-

cients are nearly constant, whose study was initiated by Dini and

Poincar6. After presenting a number of results which yield first-order

estimates, we consider the problem of obtaining approximations of

arbitrarily high order. This leads naturally to the concept of asymptotic

series, as introduced by Poincard. Since the literature on this subject is

vast and much of the material quite complicated, we have, consistent

with our general aim, presented only one of the most important results in

order to enable the reader to taste the flavor of the general theory.

Chapter 2 also contains, in connection with the discussion of asymptotic

behavior, a discussion of the concept of stability, that much overburdened

word with an unstabilized definition.

Existence and uniqueness theorems for nonlinear systems constitute

the content of Chap. 3. These are given not so much for their own sake,

but because they furnish excellent motivation for exhibiting two powerful

methods, the method of successive approximations, already viewed in a

simpler setting in Chap. 1, and the method of approximating to differen-

tial equations by difference equations.

Next, in Chap. 4, we present the fundamental results of Poincar^ and

Liapounoff concerning the stability of solutions of nonlinear systems.

In order to illustrate a variety of important techniques, we present

several proofs under conditions of varying degrees of restrictiveness.

Chapter 5 is dedicated to the study of real solutions of the polynomial

equation P{t,Ujduldi) = 0. Introducing the important concept of a

proper solution, a solution which remains finite for t > U, which is pre-

cisely the type of solution which is required in most physical investiga-

tions, we present the remarkable results of Borel and Hardy concerning

the asymptotic behavior of the real, proper solutions.

Chapter 6 presents results which are a combination of ingenuity and

special techniques. Just as the geometry of the triangle and of the circle

obstinately refuses to rest content as a set of corollaries of results valid

for general algebraic curves, and constantly furnishes its devotees new
theorems undreamt of in the broader discipline, so the study of the

equation w" + a{t)u = 0 is replete with elegant and unexpected results

which are not to be derived from any general theory of the nth-border
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linear system. We have attempted to present a sufficient number of

devices (remembering that a device is a trick that works at least twice) to

enable the diligent reader who has worked through the chapter to obtain

new results and to read research papers.

Chapter 7 is devoted to a particular nonlinear equation of the form

2^" ± == 0. This equation came first into prominence in connection

with the astrophysical researches of Emden. A number of results

obtained by Emden in the usual half-intuitive, wholly ingenious fashion

of the physicist were made precise by Fowler, who was then stimulated

to continue and give a complete discussion of the proper solutions of this

equation for all values of the parameters. This equation, and the

closely related equation = 0, have become of increasing

importance recently in nuclear physics, in connection with work of

Fermi and Thomas.

The purpose of Chaps. 5 and 7 is not only to rescue from partial

oblivion a number of extremely interesting results and techniques in the

theory of differential equations, but also to illustrate the fact that non-

linear differential equations are by no means the intransigent creatures

they appear to be upon first frightened glance. Since modern physical

theory is being driven more and more to rely upon nonlinear explanations

of basic phenomena, we hope that the contents of these chapters may be

some slight consolation for the lapse from the grace of superposition.

It is with great pleasure that I record at this time my deep appreciation

to Solomon Lefschetz, who first guided my footsteps into the path of

research in the theory of differential equations. His stimulating discus-

sions and constant encouragement furnished continued sources of

inspiration.

I should also like to acknowledge my gratitude to Mina Rees and the

Office of Naval Research, who supported and encouraged my original

work in the theory of differential equations. Finally, I should like to

thank a number of friends who read various portions of the manuscript

and made many helpful comments.

Richard Bellman
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CHAPTER 1

PROPERTIES OF LINEAR SYSTEMS

1. Introduction. In this introductory chapter we shall consider the

fundamental properties of solutions of the system of linear differential

equations,

n

The independent variable t is to range over the interval [0, qo], and we
shall assume that the coefficient functions are piccewise-continuous

over any finite subinterval. Under this assumption, we may consider

all integrals that appear to be Riemann integrals. For our purposes

there is very little to be gained from the sophistication of the Lebesgue

integral, and we prefer, in consequence, to keep our discussion on as

elementary a level as possible.

Wo furthermore postulate that the coefficients are real functions.

Occasionally, particularly in the discussion of linear systems with con-

stant coefficients and with coefficients close to constant, we shall introduce

complex solutions. For example, we may use as a basic set of

solutions of d‘^u/dt^ + w = 0, rather than (cos tj sin t). This is purely

a matter of convenience, however, and we shall always be primarily

interested in real solutions of real systems.

The only way to study the behavior of solutions of systems of linear

algebraic equations or linear differential equations in any systematic

fashion is to make use of the concepts of vectors and matrices. In

this chapter we shall introduce these concepts and demonstrate the few

results required for the theory of differential equations. No prior knowl-

edge of vector or matrix theory will be assumed.

Exercise

Show that the nth-order linear equation

+ • • • + an{t)u = 0

may be converted into a linear system of the type of (1) above by means
of the substitutions n = ni, n' = ^2,

. . . ,
= Un.

1



2 STABILITY THEORY OF DIFFERENTIAL EQUATIONS

2. Vector-Matrix Notation. The column of n quantities,

(1 )

(::1

where the yx are real or complex, will be called an n-dimensional column

vector, and the symbol (?/i, 2/2, • . • , Vn) will be called an n-dimensional

row vector. If the 7/» are functions of t, y will be called a vector function

of t\ otherwise, it will be called a constant vector. The quantity yi is

called the ith component of y. We shall, for the greater part, use column

vectors.

The letters x, y, z, u, v, and w will be systematically reserved to repre-

sent vector functions, while a, b, c, and d will be used to represent con-

stant vectors. As far as possible, u and v will be reserved to denote one-

dimensional vectors which we call scalars, and Ci, C2, . . . will be used to

denote scalar constants.

Let us now consider various operations which may be performed upon
vectors. The simplest is addition. The sum of two vectors x and y,

written x + y, is defined to be the vector whose ith component is X{ + y,.

It follows from our definition that the operation of addition is com-

mutative and associative. Using a limiting process, we are led to define

the integral of ^ = y{t) as the vector whose ith component is /?/, dt, and

we write ^y dt. The product of a scalar Ci and a vector ?/ is a vector

Ciy whose ith component is

To measure the magnitude, or length, of a vector y, we introduce the

scalar quantity

(2) II2/II = 2 1^*1

1=1

which we call the norm of y. It is readily verified that

(3) ||a: + Z/ll < ||a:|| + ||2/||, (triangle inequality)

¥iy\\ = killl2/ll

\\]v < /II 2/II
dt

and that ||y||
= 0 if and only if every component of y is equal to zero.

The advantage of this norm over the Euclidean norm

its simplicity.

n

(X lies in

“I



PROPERTIES OF LINEAR SYSTEMS 3

Having defined vectors, we now introduce the concept of a square

matrix, the only type of matrix we shall employ. The square array of

numbers, real or complex,

ail ai2

dil 0>22

(4) A =
; ;

dnl dn2 *
‘

* dnn)

will be called a matrix of order n. The quantity is called the ijth

element of A. As before, A will be called a matrix function if its ele-

ments are functions of tj and otherwise a constant matrix. It will be

said to be continuous in [a,b] if its elements are continuous in this interval.

The sum of two matrices A and B is defined by

(5) A + B = (dij + bij)

while the product is defined by

n

(6) (X

It is clear that addition is commutative and associative, but that mul-

tiplication, while always associative, is, in general, not commutative.

Exercise

1. Show that A{B At C) — AB AC, and that

{B + C)A == BA + CA

A matrix of particular importance is the identity matrix

1 0 • •
• 0

0 1 0

(7) 7 =
; ;

0 0—1
For all A we have A/ = 7A = A.

The product of a scalar Ci and a matrix A is the matrix CiA = Aci equal

to {cidij). The product of a column vector ?/ by a matrix A is written

Ay—note the order pf the factors—and is defined to be the vector whose

d\n

din

.

= (a«)
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n

^th component is ^ aijyj. It is easily seen that ABy is unambiguous,
y-i

being equal to {AB)y = A{By),

The definitions of addition and multiplication, at first sight quite

artificial, become reasonable and intuitive if we consider the matrix A
to represent the linear transformation in n dimensions.

(8) ^ a^jXj, i = 1, 2, . . . ,
n

The resultant of the transformation represented by B followed by the

transformation represented by A yields another transformation C, which

we call AB, It is readily seen that this new definition of AB coincides

with the one given above by (6). It is clear now, geometrically, why
AB 9̂ BA in general.

To measure the magnitude of A, we use the scalar quantity

(9) mil = la,,

I

i,j* 1

which we call the norm of A. It is easily seen that

(10) \\A + B\\ < mil + ||B||

m^ii < miimii
ikiAii < iciimii

m^ii < million

As before, we define JA dt to be the matrix wdiose ^^th element is

juij dt

Exercise

2. Show that \\fA d^|| < J|1A|1 dt.

Having defined integration of vectors and matrices, we also define

the inverse operation of differentiation in the expected fashion :

dt

toll

I

dt

dyn

dt

(11)
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In terms of this new notation, our fundamental linear system described

in (1) of Sec. 1 takes the simple, elegant form,

( 12
)

%.Ay

If we assign an initial value to y, it becomes

(13) g = Ay, 2/(0) = c

In the next section, we turn to the problem of determining whether

or not (13) has a solution.

Before proceeding to this, we require a few more elementary facts

about matrices. Associated with each matrix we have the scalar quan-

tity, IA I,
the determinant of A. If |A| = 0, we say that A is singular,

otherwise nonsingular.

Exercise

3 . Show that \AB\ = |A| |B|.

The importance of this new concept lies in the fact that a nonsingular

matrix A possesses a unique inverse, a matrix which we shall denote by
A'^K This matrix has the property that

(14) AA~^ = A-U = /

Exercises

4. Show that A“^ = (a,y/|A|), where is the cofactor of aji. Show
that (A-i)-' = A, and that (AB)-' = B-^A-K

6. Show that

at

We shall also require the notion of an infinite series of vectors or

matrices. We define
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(15) t - (

t

““

)

7n=» 1

^
yM =

1

2 2/i'"’

m = 1

provided, of course, that the infinite series appearing on the right converge.

Exercise

eo

6 . Show that sufficient conditions for the convergence of ^ and
n = 1

00 00 00

^ are that ^ and ^ respectively, converge.

m-* 1 n-1 TO“ 1

3. Existence of Solutions of the Vector-Matrix Equation dy/dt = A {t)y.

Our first theorem will be an existence and uniqueness theorem. The

result is included in a later result concerning nonlinear systems, and the

method is precisely the same as that used for the more general case.

Nevertheless, we shall present the proof in all its details since it furnishes

an excellent introduction, free of extraneous difficulties, to the techniques

we shall employ in what follows.

\/Theorem 1. Let A it) he continuous in the interval [0,^o]. Then there

exists a unique solution of

(1) f = A{t)y, 2/(0) = c

in this interval.

Proof of Existence. Let us introduce a method which will be used

frequently in what follows, the celebrated and fundamental method of

successive approximations due to Picard.

Consider the sequence of (vector) functions defined inductively as

follows:
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yo = c

^ = Ait)yo, 2/i(0) = c,

= A(t)y„, y„+i(0) = c, n = 0, 1, 2
,

. . .

This is equivalent to

(3) 2/0 = c

2/n+i = c + n = 0, 1, 2, . . .

We wish to show that the seciuence of functions defined by (3) con-

verges uniformly to a function y(l) for 0 < ^ < ^o. If so, we may pass

to the limit under the sign of integration in (3) as n oo
,
obtaining

(4) y = c + A(ti)ydti

Differentiation yields dy/dt = A{t)y, and clearly ?/(0) = c.

We are deliberately violating our convention of representing the com-

ponents of y by yi because of our distaste for superscripts. There is at

the moment no danger of confusion.

To demonstrate the convergence of the sequence {yn], we consider the

series
00

(5) s(<) = ^ (2/n+l - J/„)

n »*» 0

CThe Nth. partial sum Sn

N

I
n = 0

(yn+1 ~ yn) has the simple form

sn — yN+i ~ yo

Consequently, the series converges uniformly if and only if the seciuence

converges uniformly^ The series will converge uniformly if the scalar
00

series ^ \\yn+i 2/n|| converges uniformly. From the recurrence

n*»0

relation of (3) we obtain

(fi) 2/n+i ~ y”-= AitMVn - 2/n-i) dh, n > 1
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and thus

(7) iil/n+l
““

2/nll ^ ||-4(^i)|| ll^n ““ 2/n-li| W ^ 1

Let Cl = max ||^(01I for 0 < ^ < U, Then (7) yields

(8) lll/n+l - 2/n|| < Cl WVn “ Vn-lW dti

Since
II 2/1 — j/o|| < ll-4(<i)llll2/o|i dh < ci||c||<, we obtain, inductively,

(9) ||y«+i - VnW < ||c|| « = 0, 1, 2, . , .

The uniform convergence of the exponential series in any finite interval

ensures the uniform convergence of S||2/n-fi — 2/n|| and therefore that

of the sequence {Vn}-

Notice that we make no attempt to prove that the sequence [dyn/dt\

converges to dy/dt, but circumvent this difficulty by use of the integral

equation of (4). This equation shows that the limit function is dif-

ferentiable (which is not immediately obvious)

and has the required derivative.

The use of integral equations to establish

existence theorems is a standard device in the

theory of differential equations, both ordinary

^
and partial. It owes its efficiency to the

smoothing properties of integration, as con-

trasted with coarsening properties of differentiation. If two functions

are close (see Fig. 1), their integrals must be close, whereas their deriva-

tives may be far apart and may not even exist.

Throughout the remaining chapters, we try wherever possible to

convert the differential equations under consideration into integral

equations. Very often, the key to the solution lies in the conversion

to the proper integral equation.

Proof of Uniqueness. It is very important to prove uniqueness, since

it is easy to construct equations which have multiple solutions. Natu-

rally, in the latter case, A(t) cannot be continuous.

Let z be another solution of (1), so that

(10) ^ = A{t)z, z(0) = c

forO < t < to. Integration yields

(11) z = c A{ti)z dti
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Combining this with (3), we obtain

(12) z - y„+i = - yn) dh

and hence

(13) llz-y„+i|| < p\Amh-yn\\dt,

Since \\s — yo\\ < H^H + ||i/o|| < Ca + ||c||, where Cj = max
||
2

||
in 0 <

t < U, we obtain, via iteration,

(14) ||z - 2/i|i < (ca + llc||)ci<

llz - 2/„+»|| < (ca + ||c||)

Letting n —^ oo
,
we obtain p —

2/II ^ 0, whence z ^ y.

Exercises

1. Show that the requirement that A it) be continuous may be replaced

by the condition that A{t) be Riemann-integrable.

2. What happens if A{t) has an improper Riemann integral? Does
there exist a solution? Is it unique? Consider du/dt = w/2 \/t,

?/(0) = 0.

3. Show directly that the sequence \dyn/dt\ converges uniformly, and

then that the limit must be dy/dt.

4.

The Matrix Equation, dYjdi = A{t)Y. Using precisely the same
methods as above, we can prove that the matrix equation

(1 ) 5 = Am, m = c

has a unique solution for 0 < ^ < ^o. The details are left as an exercise.

In what follows, Y will he used to represent the solution of

(2) ^ = A{t)Y, m = /

where I is the identity matrix.

Exercise

1. Prove that Z = FC.
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We shall occasionally make use of the following result:

Theorem 2. Y (t) is not singular in the interval [0,^o]. More precisely^

n

(3) |y| = ^
n

[The quantity ^ a„ occurs frequently in matrix theory and is therefore

i «

1

dignified by a special name, trace
j
written tr (A).]

Proof. The proof depends upon the following two facts:

(4) (a) d\Y\/dt == sum of the determinants formed by replacing the

elements of one row of
|

Y\ by their derivatives

(6) The columns of Y are solutions of the vector equation

%

=

Simplifying the determinants obtained in (a) by use of (6), we obtain

n

Since |F(0)| = 1, (3) follows.

The fact that F is nonsingular will play an important role in the solu-

tion of the inhomogeneous equation dy/dt = A{t)y + w.

Exercises

2. Prove that the solution of dy/dt = A{t)yj y(0) = c, is y = Fc.

3. (Alternative proof of the nonsingularity of F.) Let 2/« denote the

ith column of F. If |F| = 0 at ^ = ^i, there exist nontrivial scalar

constants Ci, C2, . . . , Cn, such that Cxyx + C22/2 + * *
• + CnVn = 0,

the null vector, at i = ^i. Using the uniqueness theorem, show that

this implies that Ciyi + C22/2
+•••-}- Cn2/n = 0 for 0 < ^ < ^o, and

that this is a contradiction at ^ == 0.

4. Let U\,U2, . . . ,
Wn be a set of n solutions of the nth order linear

differential equation ’
* + (in{t)u = 0. Show that

the Wronskian

Ui U2 • • • Un

u\ Mi • • • m;

(6) wQ) =
;

is equal to wiO) exp T — dtA,
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6. Prove that, if the coefficients are continuous in [0,<o], the linear

differential equation in the above exercise has n solutions Wi, . . . jUn

with nonvanishing Wronskian in [0,<o]. Hence show that no relation

of the type ciUi + C2U2 + • •
* + CnUn = 0, where the Ci are constants,

can hold in [0,<o], and that any other solution in this interval may be

expressed in the form u = CiUi + C2U2 + * *
* + CnUn, where the Ci

are constants.

6. Y'~^ satisfies the equation dZ/dt = —ZA{f). This is called the

adjoint equation.

i 6. The Linear Inhomogeneous Equation dy/dt = A{C)y + w. Let u^

now consider the inhomogeneous equation

dz
(1) ^ = A{t)z + w{t), z(0) = c

Let y denote the solution of the corresponding homogeneous equation,

(2) ^ = A{t)y, 2/(0) = c

and Y, as above, the solution of the matrix equation

(3) ^ = Ait)Y, r(0) = /

To solve (1), we employ a method due to Lagrange, a variation of

parameters. Let z — Yu, Substituting in (1),

(4) + +
= A{t)Y(t)u + w(t)

Hence

(5) rm ^ »

whence

(6) u = c +

[since c = z(0) => y(0)M(0) = m(0)]. This yields for z the formula

(7) z = r(t)c + Y{f)Y-Kti)w{h) dh

y + Yit)Y-\h)wih) dti

This result is important enough to distinguish as
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v/theorem 3. The solution of (1) is given by

(8) ^ ^ jo
Y{t)Y-\ti)w{ti) dti

Exercises

1. Explain why our proof of Theorem 3 automatically implies the',

uniqueness of the solution of (1).

2. Use the Lagrange variation-of-parameters method to solve the

inhomogeneous nth-order differential equation

+ • •
* + an{t)u = f{t)

(a) By converting it into an inhomogeneous system
n

(&) Directly by setting ^ ^ (ik{t)uk{t)^ where {^^(01 is a set of

k = \

solutions of the homogeneous equation with nonvaiiishing Wron-
skian, and the {ajfc(0} are unknowns

3. Prove directly that z as given by (8) is a solution of (1).

6. The Equation with Constant Coefficients. We now turn to the

extremely important case where ^ is a constant matrix,

( 1 ) ^ = ^y, 2/(0)
= c

We shall show that this equation may be solved explicitly in terms of

exponentials and polynomials. Before turning to this, let us derive

some general properties of the solution of the matrix equation

(2) 5 = AY, F(0) = I

Since y = Fc, it is F which plays the important role. This representa-

tion shows very (dearly the influence of initial condition upon the solution.

By analogy with the scalar equation u' = au, we are tempted to

envisage a solution of (2) of the form F = To give this formalism

a meaning, we introduce the matrix series

n—O

where A° = I, which defines the matrix function on the left. Since

ll.d."ll < mil", n = 1, 2, . . . ,
the m* series occurring on the right, where

00

w is the order of A, are each majorized by ^ Hence these

n-O
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series converge uniformly in any iSnite interval, and the sum function

is a continuous function of t for all finite t. Since the differentiated

series converges uniformly, we have

(4)

00

s
n =» 1

{n - 1 )!

=

That = / for < = 0 is clear. Invoking the uniqueness theorem, we
have that Y{t) = In exactly the same manner as we derive from

the series for e* the scalar functional equation = e‘'e\ we derive from

the series representation for that

(5) e e

n =0 n =0

Z/ \Z/ k\{n - k)\)
n = 0 A: = 0

,A (j9+0

The necessary rearrangements may be justified by the absolute con-

vergence of the multiple series.

The following proof of the above functional equation for which

depends upon the uniqueness theorem, is much more illuminating.

Consider the two matrices Yit)Y{s) and F(s + t), where s is fixed and t

is variable. Both satisfy the differential equation

(6) ^ z(0) = y(s)

since is a constant matrix. Uniqueness requires that

(7) F(< + s) = r(«)r(s) • ^

Exercises

1. Prove that, if Y{t + s) = Y{t)Y{s) for all s and t and if Y{t) is con-

tinuous in an interval, then dY/dt = AY, where A is a constant matrix.

(P61ya.)

2. Prove that = e^^e^^ for all t if and only if AB = BA.
3. Prove that \e^^\ = and hence that e^^ is never singular.

4. Prove that
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The functional equation (7) permits us to simplify (8) of Sec. 5 in the

f^dlowing important way:

Theorem 4. If A is constant^ the solution of

fiz

(8) ^ = Az + w, z(0) = c

is given by

(9) z - y + Y(t - dii

where y is the ^solution of dy/dt = Ay, y(0) = c, and Y is the solution of

dY/dt ^ AY, F(0) = /.

7. The Behavior of the Solutions of dy/dt ^ Ay as t—^co. Now
that we have established some general properties of Y{t), we shall focus

our attention upon the individual elements of Y in order to determine

the behavior of F as < oo . Let us note once and for all that when we
write < —> 00 we mean ^ + oo

.

There are several ways of determining the behavior of the individual

terms. We shall begin with one fundamental procedure and then discuss

the others subsequently.

Imitating the technique used for the nth-order linear differential

equation, we set y = e^% where X is a scalar constant and c is a constant

vector which depends upon X and which we desire to be nontrivial, that

is, not equal to 0, the null vector. Substituting, we obtain

(1) Xe^^c = Ae^^c

or

(2) Xc = Ac

This vector equation is equivalent to n linear homogeneous equations

n

(3) ^ OijCj = Xc,’, ^ == 1, 2, . , , ,
n

The necessary and sufficient condition that these equations possess a

nontrivial solution for the Ci is the determinantal equation

Oil — X

U21

ain

a2n

(4) /(X) = = 0

Uni Un2 Unn — X
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This may be written simply as

(5) \A ~ X/| = 0

This equation is called the characteristic equation of A, and its n roots

Xi, X 2 ,
. . . , Xn, in general complex, are called the characteristic roots of A .

Exercises

1 . Prove that A and T~^AT have the same characteristic equation.

2 . Prove that tr (A) is the sum of the characteristic roots of A.

For the next few sections we make the simplifying assumption that the

characteristic roots of A are distinct

This assumption permits us to establish the principal results in a very

simple and elegant fashion. Subsequently we shall show how we may
force most of our applications to depend only upon this simple case. In

a later section we shall discuss the results corresponding to multiple

roots.

To find the components Ci, C2 ,
. . . ,

c» connected with a specific

characteristic root Xi, we take the cofactors of the element in any row of

\A — Xi/l- For example, taking the cofactors of the elements in the first

row, we would have as possible choices for Ci, C 2 ,
. . . ,

Cn,

(6) Cl =

U22 — Xi (I23

az 2 U33 — Xi

Cin2 OffiZ

a>Zn

Ofnn Xi

C2 == —

Cn

<121 <*23 <*2n

<3^31 <*38 — X< <*3n

dnl <*w2
‘ *

<*nn

a2i <*22 — Xi
* '

* <*2n~l

<3^31 <*32
* '

• <*3n-l

<*nl <*n2
’ *

Unn-J

Xi
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If, by mishap, all these cofactors vanish, we must try another set of

cofactors. All tries cannot fail, since at least one of the cofactors of the

elements, an — X, along the main diagonal must be distinct from zero.

This is easily seen using the rule for differentiating a determinant. We
have

(7)

/'(X) = —[cofactor of (an — X)] — [cofactor of (a22 — X)] — • • *

— [cofactor of (ann — X)]

If all these cofactors were zero for some X, then X would be a root of

/'(X) = 0, which would imply that X was a multiple root, in contradiction

to our simplifying assumption above.

Let us note for future reference that the components ci, C 2 ,
. . . , Cn

of c, which we shall call a characteristic vector of A, can always be chosen

to be polynomials in the characteristic roots, as above.

Let be a characteristic vector associated with Xf. We shall show in

a moment that there can only be one such, apart from scalar multiples.

To each characteristic root X^, there corresponds at least one solution,

of our differential equation dy/di = Ay. Let us now demon-

strate that these n solutions, corresponding to n distinct values of \ are

linearly independent over any interval. Assume that there exists a

relation

(8) aiyi + a2y2 + • •
* + anVn = 0

where ai, a2 ,
. . . , an arc scalar constants and 0 is the null vector.

Differentiating k times, we obtain

(9) aiX5[c^'*c^^^ ^ =0, /c = 0, 1, 2, . . . ,
n — 1

Considering only the first components of the c^^\ we obtain the equations

n

(10) ^ a.X?6>‘-‘cf =0, A: = 0, 1, 2, . . . ,
n - 1

t=l

In order that there may exist a nontrivial solution for the n quantities

a^cp, it is necessary that the determinant

(11 )

gXlf

X2e^®* • *
* Xn^^"*

I j

be equal to zero. This, however, is impossible since the determinant is

[exp (Xi + X 2 + • •
• + Xn)^]y(X), where v(\) is the Vandermonde deter-

minant of Xi, X 2 ,
. . . ,

Xn, which is nonzero under our assumption con-
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cerning the distinctness of the Xi. Therefore we must have aiC^f = 0

for each i. If 9^ 0, we have cf = 0. Continuing in this way, con-

sidering the other components of the we see that if 9^ 0, then

must be the null vector. This cannot be, since is a characteristic

vector which by construction is nontrivial.

A solution of the matrix equation dZ/di — AZ may now be obtained

by forming the matrix Z whose columns are the ?/,. That Z is non-

singular is a consequence of the linear independence demonstrated above.

This is not immediately seen but proceeds from the following reasoning,

which we have used before: If \Z\ = 0 at ^ = ^i, we must have a relation

of the form aiiji + a22/2
+•••-}- anVn = 0 at ^ = ii, where 0 is again

the null vector and the quantities Ui, a^y an are scalars not all

equal to zero. Since 1/ 1 , ^2 ,
. . . ,

are solutions of dy/dt = Ay, the

linear combination aiyi + ^22/2 + * •
• + o>nyn is also a solution. It

equals 0 at ^ = ii, and consequently, by virtue of the uniqueness theorem,

it must be identically equal to 0. From what has preceded, we see that

actually each at is equal to zero, which is a contradiction. Thus \Z\ 7^ 0.

Since Z{i)Z~'^{0) is a solution of dY/dt = AF, F(0) = /, we must have

Y{t) = Z(t)Z~'^(0). Notice how useful the uniqueness theorem is for

establishing identities between solutions.

This last relation shows very clearly the structure of Y{t) and hence

the structure of every solution of dy/dt — Ay, on the assumption of dis-

tinct characteristic roots. If A has multiple characteristic roots, the

general solution may be more complicated, perhaps with polynomials in

t appearing as coefficients.

Exercises

3. On the basis of the assumption that A has distinct characteristic

roots, derive the necessary and sufficient condition that all the solutions

of dy/dt — Ay approach zero as ^ > 00 .

4. Solve t dy/dt = Ay, where A is constant.

8. An Alternative Approach. In the preceding section we showed that

the solutions 2/1 were linearly independent. Let us now show that the

characteristic vectors are linearly independent. This is an immediate
consequence of the previous independence result, since a relation of the

type
n

(1) ^ a.c«> = 0

n

is equivalent to ^ a^yi = 0 at ^ = 0.

t-i
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This may also be proved by multiplying (1) by A repeatedly and usinj

the fact that In this way we obtain the relations

n

(2) ^ =0, A: = 0, 1, 2, . . .

t-1

and the argument now proceeds as above.

Exercises

1. Show that every solution of dy/dt = Ay is a linear combination ol

the solutions ?/i, 2/ 2 , , 2/n.

2. Use this result to show that each Xi possesses only one character-

istic vector, apart from constant multiples, under our assumption oi

distinct characteristic roots.

Consider the matrix T formed by using the as columns. The linear

independence of the is equivalent to \T\ jA 0. Since Ac^"^ = X»c^‘\

we have

Xi 0 • •
• 0

0 X 2
• • • 0

(3) AT ^ T
\ \

0 0 • • • Xn

Xi 0 • • • 0

0 X 2
• • • 0

T-^AT ^
\

0 0 • • • X„

A matrix of the type appearing on the right is called a diagonal matrix.

This last result is important enough to state as a theorem:

Theorem 6, If the characteristic roots Xi, X2,
. . . , Xn 0/ A are distinct,

there exists a matrix T such that

Xi 0 • •
• 0

0 X 2
• • • 0

0 0 • • • Xn

whence

(4)

(5) T-'^AT =
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Furthermore, the components of T can he chosen to be polynomials in the X,.

An application of this result is immediate. In the equation

(6) f-AK, r(0)-/

set Y = TZ, with T as above. Then

dZ
(7)

dt
= T-^ATZ, z{0) =

or

(8)
dt

Xi 0

0 Xj

0 0 X„

z, z(o) =

The solution is clearly

(9)

whence

(10)

z =

e>"‘ 0

0

0 0

c’'-' 0

0

F = r

0 0 • • •

Exercise

T-i

09

3. Derive (10) by using the relation ^ AH^/n\,

n“0

9, The Jordan Canonical Form for Matrices with Multiple Character-

istic Roots. In the previous section we showed how a matrix with

distinct characteristic roots may be reduced to diagonal form. If A has

multiple characteristic roots, it is not true, in general, that it may be
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transformed in this fashion. For example, it is easy to show that there

exists no T such that

( 1 ) 0’’-C 0
There is, however, an elegant canonical form for arbitrary matrices,

with or without multiple characteristic roots, due to Jordan. Let

(2)

("X 1 0

0 X 1

L*(X) =

• • . 1

(o 0 0 • •
• xj

If fc = 1, we call this a simple factor.

The result of Jordan is that there exists a matrix T such that

(3)

'L..(Xi) 0

0 Lh{\2)

T-'AT =

0
]0

0 0 • L/.(X,)J

where ki + ^’2 H-
* *

* + kr — and the \i are not necessarily distiiu^t.

For example, three possible types of 3 X 3 matrices with triple roots are

Xi 0 0
'

Xl 0 0
'

Xx 1 o'

0 Xi 0
,

A 2 = 0 Xi 1
,

A3 — 0 Xi 1

0 0 ^1. 0 0 lo 0 ^1.

We shall not prove this classical result since, as mentioned above, we
can reduce our problems to the case where A has distinct characteristic

roots.

Exercises

1. Determine the form of for general A.

2. Use this result to obtain the necessary and sufficient condition that

—> 0 as ^ > 00 .

3. By considering the solution of dy/dt = Ay, where A =

show that A cannot be diagonalized.

4. Prove in the same way that A\, A 2 ,
and A 3 are distinct in the sense

that there exists no T for which T~'^AiT = Ay for i 9̂ j.
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6. Show that La:(X) — X/, when raised to the A:th power, yields the

null matrix.

6. If A has distinct characteristic roots Xi, X2, . . . , Xn, we may write

n solutions of dy/dt = Ay in the form y = X = Xi, X2, . . . ,
Xn.

If X and fx are two distinct characteristic roots of A^ then

c(X)c^* — c(y)c^^

(X -
m)'"' " ^

is also a solution of dy/dt = Ay. Is it true that, if X is a multiple char-

acteristic root, then the limit lim z = d(c(X)e^0/dX = c'(X)e^* + c(X)^c^*
/i—>x

is also a solution of dy/dt = Ay Generalize.

10 . Another General Diagonalization Theorem. In the preceding

section we discussed the Jordan canonical form of a matrix and its appli-

cation to the representation of the general solution of the linear differ-

ential equation dy/dt = Ay. We have seen that a matrix may have a

complicated canonical form if it possesses multiple characteristic roots.

Let us now establish a result which is relatively easy to prove, which is

useful, and which makes possible a semblance of order in this chaos.

Theorem 6. There exists a matrix T having the property that

Xi 612

0 X 2

( 1 ) T'-^AT ^
\

0 0

In the matrix on the right-hand side all the elements below the main

diagonal are zero.

Proof. The proof proceeds by induction. Consider first 2 X 2

matrices. Let Xi be a characteristic root of A and be an associated

(jharacteristic vector. Let T be a matrix whose first column is and

whose second column is chosen so that T is nonsingular. Then it follows

that

where we evaluate T~^AT most easily by taking it to be T'~^{AT).

Furthermore, 622 must equal X2, since T~^AT has the same characteristic

roots as A.

Let us now demonstrate that the result for nth-order matrices may be

used to establish the theorem for matrices of order n + L As before,
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let be a characteristic vector associated with Xi, and let n other

vectors . • • ,
be chosen so that the matrix Tij whose

columns are • • • >
is nonsingular. As in the case of

n = 2, we have

Xi b[2 • •
fXl 5

'i2

• • •

0 b'22
• • • h'^2, n+l 0

(3) Ty^ATi =
• •

=
• Bn

0 bUi.2 h^n+1, n+1^ 0
J

where Bn is smn X n matrix.

Since the characteristic equation of the right-hand side is

(Xi - \)\Bn - X7| = 0

it follows that the characteristic roots of Bn are X2 ,
X3 ,

. . . , Xn+i, the

remaining n characteristic roots of A. We know via the inductive

hypothesis that there exists a nonsingular Tn such that

(4)

f
X2 C12

0 Xa

T-^B„T

('In

C2n

0 0 * • * Xn+lj

Let Tn+ij an (n + 1) X (n + 1) matrix, be formed as follows:

(5)

Tn+i is clearly nonsingular. We assert that

(6)

Xi 612

0 X2

hi, n+l

^2, n+l

Xn+1 j
0 0
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Since C-\B-^AB)C = {BC)-^A{BC), it follows that T = TiTn+i is the

required matrix of order n + 1. This completes the proof. Note

again that the elements of T may be chosen to be polynomials in the

characteristic roots.

Exercises

1. If A has h simple roots Xi, X 2 ,
. . . ,

X^, there exists a matrix T
such that

Xx 0 • • • 0

7 '">7

bi,k+i * • bun
]

0 X 2
• •• 0 ^ 2 , jfc+i

* * bun

T-^AT = 0

0

0

0

Xjfc hie, Jfc+l
' *

n

0 Xfc+l
* *

* hk-\-\, n

(0 0 • •
* 0 0 •

• Xn

2. Is the T of Theorem 6 unique?

11. Corollary of the Above. We shall use below the following conse-

quence of Theorem 6:

Corollary. T may be chosen so that
^

\hij\ may be made less than any

ij

^reassigned positive constant.

At first sight this seems to contradict the result that not every matrix

with multiple roots may be transformed into diagonal form. The point

is that the T. above depends upon the bound for X\bij\. If we attempt

to choose a sequence of T^s for which this bound goes to zero, we find

that the sequence either approaches a singular matrix or has no limit.

Let Ti be a matrix which reduces A to the semidiagonal form of

Theorem 6. The change of variable y = Tiz converts dij/dt — Ay into

( 1 )

dzi

dt

dZ2

di

Xi^i + hi2Z2 + •

X2^2 + •

“f" binZn

+ b2nZn

dZn

"dt
Xn2?n
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It is now easy to see how to choose T so as to satisfy the conditions

of the corollary. Set Zn = Zn~i = , Zi = €z[. The
new system has the form

(2)

flp'“ = Xi2:j + €6122:2 +

dt
N>Z2 + •

+ €" ^61^24

dt
X«2:„

By suitable choice of € the sum of the absolute values of the off-diagonal

terms may be made as small as desired. This last transformation is

equivalent to 2: = Ez'

,

where E is nonsingular. The required matrix is

now T = TiE,

12. Application of the Previous Result. This last result may be used

to obtain the form of the general solution of dy/dt ~ Ay^ a result we had

previously obtained on the basis of the unproved Jordan canonical form.

Let r be a matrix which reduces A to semidiagonal form, and set y = Tz,

The equation for 2: is

(1)

Xi 612

0 X 2

dz _
'

di
~

'

61;
62/1

z

lo x„

Expressed in its components, this yields (1) of the previous section.

Solving for the Zk one at a time, starting with Zn, we see that, if the \
are distinct, each Zi is a linear combination of exponentials. If, however,

multiple characteristic roots appear, then these exponentials may have

polynomials in t as coefficients. For example, if Xn-i and Xn are equal,

the solution of

(2)
dZn-.\

dt
Xw— l2:n—

1

6n— 1, n^n n

yields terms of the form Zn = Zn-i = (c 2 + if 9^ 0.

In general, we see that a characteristic root of multiplicity k gives rise

to solutions with components of the form Pk^i{t)G^^\ where Pk-i{t) is a

polynomial of degree /b — 1 at most.
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From this follows the important result;

Theorem 7. The necessary and sufficient condition that all solutions of

tend to zero at t—^ ^ is that the real parts of the characteristic roots he

negative.

Exercise

Show that the condition that the real parts of the characteristic roots

be nonpositive is not sufficient to ensure that all the solutions of (3) be

bounded as i —> oo . What additional condition suffices?

13. An Approximation Theorem. The result which enables us to

by-pass matrices with multiple characteristic roots is the following:

Theorem 8. Given any matrix A, we can find a matrix B with distinct

characteristic roots and such that \\A — < e, where e is any positive

quantity.

Proof. Consider the matrix A + JE?, where E = (Ciy) and the Ca are

independent real variables. If A + jE? has a multiple characteristic

root, then /(X) = \A + E — \I\ and /'(X) have a root in common. If

/(X) and /'(X) have a root in common, their resultant R(E) must vanish.

We wish to show that we can find arbitrarily small values of for which

R(E) 7^ 0. If this is not true, R(E) as a polynomial in the e,j must

vanish identically. This is impossible, since for the values = — a^-,

i 9̂ j, and c^^ = i — a^iJ A E does not have multiple roots. Hence
R{E) 9̂ 0, identically.

We therefore can find for which ^ \eij\ is as small as desired and

such that A E = B has distinct characteristic roots.

Exercises

1. Using this last result and the diagonalization theorem, find all con-

tinuous solutions of the functional equation /(A J5) = f(A)f(B), where /is

a scalar function of A.

2 . Prove Theorem 8 using the corollary in Sec. 11.

14. The Diagonalization of Variable Matrices. In Chap. 2, devoted

to the asymptotic behavior of solutions of linear equations of the form

I - M +Bm(1 )
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where is a constant matrix and B(t) —> 0 as ^ <»
,
it will be important

to diagonalize A + B{t), If the characteristic roots of A are distinct,

it is plausible that, for t large enough, those of A + B{t) will also be

distinct.

In order to prove this result as well as some further results we shall

require concerning the dependence of the characteristic roots of ^ + B{t)

upon tj we shall use a small amount of complex-variable theory. These

results can certainly be proved without using this advanced analytic

tool. However, the procedure we follow seems to be simultaneously

the most natural, most elegant, and most informative, so that it would

only be yielding to inverse snobbishness not to employ it.

Let/(X,^) be the characteristic polynomial of A + B(t)j

(2) f(K,t) = 14 + B(t) - X/| = 0

and let /(X) be the characteristic polynomial of A, /(X) =/(X, oo). If

the characteristic roots Xi, X 2 ,
. . . , Xn of A are distinct, we may, in

the complex X plane, draw circles c» having the \ as centers, with the

property that no two Ci have a point in common. The number of roots

of f(Kjt) = 0 within c,- is given by

As 00
, f(Kjt) = /(X) + g(X,t)y where g(Xjt) —> 0, uniformly on any

c^. Hence for t > <i, /(X,0 has no roots on a Since, also.

we have

== f{X) + g\

d\

= J- [
2« Jc, fOO

f
2« Ja

/(X)j7x - f (X)!7
d\

Since |/(X)/(X,0| is uniformly bounded away from zero on c» and since

g and g\ go to zero as t goes to infinity, we have, for t > ti,

(5) Niit) = 1 + 0 ( 1 )

Since Ni{t) is an integer, it follows that N^{i) = 1 for ^ > ^i. This

establishes the distinctness of the characteristic roots of A + B{t) for

large t.

Let us now establish some further properties of the X,(0, the character-

istic roots oi A B(t), We have, for t > h,

(6)
if x[a/(x,<)/ax]

“ 2^^-L /(x,0
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From the representation we see that, if B{t) is continuous for t > ti,

then \i{t) is continuous for ^ and that \{t) —>• Xj as i oo . If B(t)

is differentiable, the same must be true of the

Finally, if JS(0 —>0 as > <x> and if
J

dt < oo
^
then

1 lTrr‘-="

This last follows readily from the fact that the coefficients of the various

powers of X in the polynomial /(X,0 are polynomials in the elements of

B(t).

For further reference, let us state these last results as

Theorem 9. // B(^) —> 0 as i —> oo and if the characteristic roots of A
are distinct

y
theUy for t > ii, the characteristic roots of A + B(t) are distinct

and approach those of A as co. If^ in addition,
j

**
\\dB/dt\\ dt < ^

,

then
j

\d\^(t)/dt\ dt < oo.

Using this result, we can derive the following important tool:

Theorem 10. Let

(7) (a) The characteristic roots of A he distinct

(h) B(t) 0 as t—^ 00

(c) f
" \\dB/dt\\ dt< oo

Then there exists a matrix T{t) having the property that the change of variable

y = Tz converts

(8)
dt

(A + BiD)y

into

(9)
II (Lit) + Cit))z

where

'Xi(<) 0 • • • 0

0 Xi(<)
• • • 0

(10) HD =
• •

0 0 • • •

Hit).

and

(11 ) 1J<7(<)N« < CO
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Proof. A + B(t), as noted above, has distinct characteristic roots for

( > ti. This fact permits us to find a matrix T{t) which diagonalizes

A 4* B(t) for every sufficiently large t. Furthermore, we know that the

elements of 2\t) can be chosen to be polynomials in the Since

Xi(0 Xi as ^ 00
,
2\t) can be chosen so that T(t) —> T, a nonsingular

matrix. By virtue of our hypothesis concerning B{t), every element Uj

of T(t)j has the property that
j

\dttj/dt\ dt < oo. The substitution

y Tz converts (8) into

(12) J = T-\t){A + B{t)\T{t)z - T-'{t)^ 2

Since is uniformly bounded for t > h, we have

(13) dt < Cl
dT{t)

at
dt < oo

This completes the proof.

16. Linear Systems with Periodic Coefficients. In this section we
consider systems of the form

( 1 )
dt

= P(t)y

where P(t) is a periodic matrix, which is to say that P{t + r) = P(t)y

where r is a nonzero, real constant.

Although these systems cannot be solved explicitly, as in the case where

P is a constant matrix, we can find a representation for the general solu-

tion of (1) which is occasionally useful.

Theorem 11. The solution of the matrix equation

(2) F(0)=/,

where P{t) is periodic with period r and continuous for all t, has the form

(3) Y = Q{t)e^^

where B is a constant matrix and Q(t) has period r.

Proof. If Y has the stated form, then

(4) Y{t + t) = Q{t)e^^e^^ = Y{t)e^^

Thus, it must be true that Y-^{t)Y{t + T) = Since F(^ + t), as

another solution of (2), is equal to Y{t)C, where C is a constant matrix, we
must have C = e^'^. For to exist, it is necessary that C be nonsingular.
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This condition is satisfied, since C = + t). We now show
that this condition is sufficient.

Lemma. If C is nonsingular, there exists a matrix B such that e^ = C.

Proof of Lemma. If we use the Jordan normal form, the proof is

quite simple. If C has the Jordan form

0
^

(5) C ^ T * •
. T-^

,
0 L/fc,(Xr)^

it is sufficient to show that each Lk{\) has a logarithm. For if Bi is a

logarithm of LkyO^i), then

0
'

(6) 5 = T
0 Br^

is a logarithm of C.

We utilize the result noted previously in Sec. 9, Exercise 5, that

(7) (L,(X) ~ \IY - 0

the null matrix. From this it follows that the formal logarithm of

U{\),

(8) R = log Lk{\) = log (X/ + Lk{\) - X/)

= / log X + £ - x/)"

n — 1

k-l

= / log X + ^ (L.(X) - x/)»

n = 1

exists and is actually a logarithm, as may be verified directly.

When B is determined so that Y{t r)Y~^{t) — C — Q is deter-

mined by the relation Q ~ Y{t)e~^K It is easily seen that Q is periodic

of period r.

Since we have not proved the validity of the Jordan normal form

because of the long and tiresome argumentation required, let us present

an independent proof of the above lemma.

We use first the result we have demonstrated above that any square

matrix may be converted into triangular form; that is, there exists a T
such that
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where the notation signifies that all elements below the main diagonal

are zero. If no multiple roots occur, we know that this triangular

matrix may be taken to be diagonal, and it is clear that any nonsingular

diagonal matrix has a logarithm. Consequently it is only the occur-

rence of multiple roots which provides any difficulty. Let us henceforth

take A to be triangular.

The proof we present is inductive. The result is clearly true for

1X1 matrices. Let us assume that it holds for n X n matrices, with

n = 1, 2, . . . ,
iV, and show that it holds for (N + 1) X {N + 1)

matrices. Write Aat+i in the form

( 10)

where

( 11 )

dN

Xjv-fi

fXi

=

lo

Here dN is an A^-dimensional column vector and 0 is an A/’-dimensional

row vector with all zero elements.

Let Bn be a logarithm of An^ the existence of Bn being given by the

inductive hypothesis, and let

(.2
) 0

where 0 is as before, I = log Xjv+i, and x is an unknown A/^-dimensional

column vector. All logarithms of scalars that appear will be principal

values, and thus any equation of the form will imply

log a = log b

It remains to be shown that x may be determined so that 6®^+' = Ajv+i.

It is not difficult to verify by induction that

(13) fc = 1, 2, . . .

Hence

t + • •
• +

Xat+i

(14)

)0
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The first two terms in the above sum are taken to be 1 and x. If I is

not a characteristic root of J3jyr, we have

+ * •
‘ +

kf
A:-0

- 2
W -

A; = 0

Hence

K'®' - wMt]
N

Tk - I

k = l

where ri, ^ ,
tn are the characteristic roots of Bn. From the

definition of C{1) we see that |C'(i)| is a continuous function of I, The

right-hand side of (16) is also entire if we define (c’'* — e^)/{rk — 1) in

the obvious fashion at I = r*. Consequently (16), which was proved

under the hypothesis that I 7^ Vk, holds for all L It follows that C(l)

is never singular. Consequently we may determine x so that 0(1)

x

= Unj

namely, x == C(l)~^aN.

Finally we observe that Bn will be real if the characteristic roots of

An are positive.

Exercise

Find a representation for the solution of u" + p{t)u = 0, where

Tp{t + 2ir) = p{t).
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CHAPTER 2

STABILITY, BOUNDEDNESS, AND ASYMPTOTIC BEHAVIOR
OF SOLUTIONS OF LINEAR SYSTEMS

1. Introduction. In this chapter we propose to consider the behavior

of the solutions of the differential equation

(1) § =

where A is a constant matrix and B{t) is small, in some sense, as oo

.

Two particularly important cases are those where ||/^(/)|| 0 or where

j ||I^(0II dt < <^

.

Included in (1) are nth-order linear ecpiations of

the type

(2) ^ + («1 + Vlit)) + * *
* + (ttn + Vn{t))u = 0

and, in particular, the second-order equation

(3) + (a + = 0

Because of its special form, many more results can be obtained concern-

ing the solutions of (3) than for the solutions of (2) or (1). For that

reason, we reserve a later chapter, Chap. 6, for a more complete discussion

of (3), and in this chapter consider only those properties which are com-
mon to systems of all orders.

Intuitively, it seems reasonable to expect that the solutions of (1)

should share many properties with the solutions of

(4) % =

so far as their behavior as > «> is concerned. This expectation will

be borne out to a great extent by many of the results we shall derive

below. However, we shall also show, by means of counterexamples,

that the behavior of the solutions of (1) is a good deal more complicated

than one might suppose.
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The problem arises as to the meaning of the word ^'smair^ as applied

to B{t) as ^ > 00
. A first, and obvious, definition is that B{t) is small

if 11^(011 —> 0 as ^ > 00
. This condition yields many interesting results.

However, occasionally we shall require the stronger conditions

(5) /“||S(<)N<<~

or

Essentially we see that the problem is that of imposing a suitable metric

upon the space of variable matrices. Once this viewpoint has been

taken, it becomes clear that the same procedure is advantageous in

discussing the behavior of the solutions of (1) as oo. We shall

investigate, variously.

(6) lim \\z\\

t—* 00

or

(6')

or, if these are infinite,

lim
||
2

||

t—* 00

(6") Um
t—* 00 t

or, occasionally.

(6"0 f" \Wdt

Each of these functionals has an important role to play in the study of the

properties of the solutions of (1) for large values of 1.

The point of the preceding discussion is that, in comparing the solutions

of (1) with solutions of (4), we must agree to fasten our attention upon

the class of perturbing matrices B{t) we are admitting and upon the

property of the solution in which we are interested. We may expect

that some properties will be preserved under one class of perturbations

and not under another, and this is indeed the case.

These preliminary remarks lead to a rigorous concept of stability for

linear equations:

Definition. The solutions of

dB(t)

dt
dt <

= A{t)y
(7)

dt
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are stable with respect to a property P and perturbations B{t) of type T if

the solutions of

(8) I = m) + B{t))z

also possess property P, If this is not true^ the solutions of (7) are said

to be unstable with respect to property P under perturbations of type T.

To illustrate this concept, consider the two simple differential equations

S - a - <-» + "W)'

where a > 0 and where 6(<) —> 0 as t-^ «> . Both solutions have the

properties

(10) (a) lim u — lim v = 0, a, finite quantity
t—* CO t—* CO

,,, log U log V
(b) lim = lim -j- = —a

If, however, a = 0 and b{t) = l/t, (106) is preserved, but (10a) is not,

since v is unbounded although u is bounded. Consequently, there is

stability with respect to the property of (106), but instability with

respect to the property of boundedness. If we replace 1/^ by a function

which is integrable over (<o, ^), then boundedness will be preserved.

Perhaps the most important property of the solutions is that of bound-

edness. If a solution is bounded, we are interested in knowing whether

or not it approaches zero as > oo and, in general, in examining the

possible set of values it assumes as ^ oo
. If the solution is unbounded,

we may wish to examine the ratio (log \\y\\)/t and perhaps other measures

of its unboundedness.

2. Almost-constant Coejfficients. We shall call the coefficient matrix

A{t) of the differential equation dz/dt = A{t)z almost constant if

lim A{t) ^ A
t—* CO

a constant matrix. Our first results will concern the boundedness of

solutions of ecpiations of this type. Throughout the chapter we shall

assume that the matrices that appear satisfy, in addition to the properties

explicitly stated, the properties assumed for the existence,and uniqueness

of^ solutions.

Theorem 1. If all solutions of

( 1 )
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where A is a constant matrix, are hounded as t—^ oo
,
the same is true of

the solutions of

(2) I =

provided that
j

\\B(t)\\ dt < oo.

Proof. We write equation (2) in the form

(3) S =

Identifying B(t)z as an inhomogeneous term, wo see, applying Theorem 4

of Chap. 1, that every solution of (3) satisfies a linear integral equation

(4) z = y + f Y(i - ti)B{ti)z{h) dh

where y is the solution of (1) for which 2/(0) = z(ff) and where F is the

matrix solution of

(5) ^ = AY, 7(0) = I

We note that y == Yy(Q) = F2:(0). Let Ci = max (sup \\y\\, sup [|F||).

<>o t>o

Then from (4) we obtain

(6) 11^11 < II//II + /; rnt
- dh

<c^ + c^p\BmUti)\\dh

We now require the following lemma, of such utility throughout the

remainder of the book that we call it the fundamental lemma:
• Lemma 1. If u,v > 0, ci is a positive constant, and if

(7) u < Cl uv dti

then

(8) u < Cl exp V dt^
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Integrating both sides between 0 and t,

(10) log (ci + uv dt^ — log Cl < dt

I

or

(11) u < Cl -i- uv dti < Cl exp
^

v dt^

<

Exercise

1. Show that (8) is the best possible consequence of (7).

Applying (11) to (0), we obtain

(12) llzll < Cl exp ^ci ||B|| d<i) < ci exp (cj ||/1||

Since, by assumption,
j

(|B|( dti < w, we see that
||
0

||
is bounded.

Using the same technique, we may demonstrate

Theorem 2. If all sohitions of (1) approach zero as qo
^
the same

holds for the sohitions of (2), provided that ||ii^(0l| ^ Cifor t > to^ where Ci

is a constant which depends upon A,

Proof. We have, as before,

(13) z = 2/ + /J
K« - k)B{tMk) dh

From the explicit representation of the solutions of dij/dt — Ay

^

it

follows that, if ||F||--»0 as t—^ «>, there exists a positive constant a

such that ll^ll
< C 2C~®^ and ||F(0|| < C2C““^ for ^ > 0. Hence

(14) Pll < c,c-“ + c, |l««i) II ||2«i) II
dk

or

(15) ||z||fi“‘ < C2 + C1C2 ^*e“'*||2;(ii)|| dk

Applying the fundamental lemma, we have

(16) \\z\\e^^ <

If C 1C 2 < a, we may conclude that \\z\\ > 0 as f Since the con-

stants C 2 and a depend upon A
,
specifically upon the characteristic roots

of A, it is clear that Ci depends upon A,

Exercises

2. Consider the inhomogeneous equation dz/dt — Az + w, where A is

a constant matrix and w = w{t) woj a constant vector, as < 00
, Dis-
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cuss the boundedness of the solutions under the following alternate

hypotheses:

(a) All solutions of dy/dt — Ay approach zero as ^ > oo

.

{b) All solutions of dy/dt = Ay are unbounded.

(c) A has k characteristic roots with negative real parts.

^ 3. What conditions on wit) will ensure that all solutions of

dhi ,

.

^ = W{t)

are bounded as < —> ? Is wit) —> as ^ > » sufficient?

3. Almost-constant Coefficients (Continued). We may improve upon

Theorem 1 as follows:

Theorem 3. Consider the system

(1) S
where

(2) ia) A is a constant matrix all of whose characteristic roots have non-

positive real parts, while those with zero real parts are simple

(6) Bit) 0 as f^ 00
, y

" \\dB/dt\\ dt < o,

(c) /“ ||C(<)N< < <»

id) The characteristic roots o/ A + Bit) have nonpositive real parts

for t > to

Under these conditions, all solutions o/ (1) are hounded as t—> oo

.

Proof. Let the simple characteristic roots of A which possess zero

real parts be denoted by Xi, X 2 ,
. . . ,

X*. Then, as indicated in Exer-

cise 1 of Sec. 10, Chap. 1, there exists a matrix T such that

Xi

Xj

dik\-i ’ din

(3) T-^AT = 0 Xifc dkk+i ' ' ' dkn

Xfc+i

0

Xn^

The notation signifies that the initial k X k submatrix is diagonal and

that all the elements beneath the main diagonal are zero. As usual, the

elements of T are chosen to be polynomials in the dements and char-

acteristic roots of A.

Let us turn our attention now to the matrix A + Bit), whose char-

acteristic roots we designate by Xi(0, 'h^it), . . . , Xn(0- Let Xi(0,
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. . . ,
be the characteristic roots of A + B{t), which approach

Xi, X2, . . . , Xfc and which we know to be simple for t sufficiently large.

The remaining characteristic roots
,

\n(t) have negative

real parts for large ty and uniformly so as i —> co

.

Let T(t) be the matrix corresponding to T above, formed so that

T~'^{f)[A + B{t)]T{i) has a form similar to (3) with \{t) —> X^. In this

way we have T(t) 'T as 00 and therefore are assured that

is uniformly bounded as > 00. Furthermore the assumption that

y* * \\dB/dt\\ dt < yields the result that
j

\\dT/dt\[ dt < ^

,

Both

of these facts are important for what follows.

We now make the substitution z — T(t)w in (1), obtaining

(4) ^ = T-\A + B(t))rw + (t-^CT - T-^' w

By virtue of our hypothesis concerning C and of the results above

concerning Ty we see that the matrix T~^CT ~ dT/dty which we call

Ry is absolutely integrable,

(5) f " ||fl|| dt = f"
\\T-'CT - dT/dt\\ < 00

Writing equation (4) out in terms of its components, we have

n

dij(t^Wj -j- i = 1, 2, , . . f
k

i y = i

n

dij(t)wj + ^ r,j{t)Wjy z = /b + 1, . . . ,
n

1 3^1

where dij(t) —> a constant, as ^ > 00, and where
j

* \rij(t)
\

dt < 00

,

Note that the only difference between (6a) and (G&) resides in the sum-

mation over the terms dijWjy a difference which is a consequence of the

form of (3).

Let us now discuss the solution of (6&). Taking the case ofi = n first,

we find that

(7) Wn = Cn exp X„(<i) dt^^

n

+ [£us)ds](^ ))dk
y-1

(6) (a) ^ = Mt)wc +

n

X
y =*+

(i,) ^ - x.m„,
+ ^
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Since the real parts of the Xt(0 for t = /c + 1, . . . ,
n are uniformly

nonnegative, we have, for some positive constant a,

(8) \w„\ < \c„\e-‘'‘ + dti

Considering the case ^ = n — 1, we obtain the integral equation

(9) Wn-i = c„_i exp
1^

+ /o‘
exp

^
Xn-l(s) ds

j
dnn{tl)Wn{t^ dti

n

+ exp X„(s)
^ ^ dh
y=i

This yields the inequality

(10) e “<'"'‘’|dnn(M||Wn(<l)| dti

+ Jq
e-‘*<'-'‘>||Ki|||ia|| dh

If we employ the previous inequality, (8), we obtain

( 11 ) dti

+ CnH e ‘‘'‘‘“'*'||/2||llw|| ^<2
]
dh

where we have used the fact that |d„„(<i)
|

< c„+i. The first term in the

second integral yields c„+i|c„lfe““‘. The second term is

(12) Cn+i (^j^' e““'‘‘-‘'’||i2llllta|l d<2^ dh

= Cn+ie e“‘»||fZ||||w|| dh^ dh

Integrated by parts, this becomes

(13) c„+i (t - h)e -“^-wlliJlIllwll dh

Since for t > 0 if ai < a and if bi is suitably chosen, we
obtain

(14) \Wn-i\ < + 63 '^^>||/2||||iy|| dti

Since Ui < a, we obtain the same inequality for \wn\ by increasing the

values of 62 and 63, if necessary.
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Continuing in this way step by step, we find that constants bi, 65, and ai

exist such that

(15) |u>,| < 646-““ + bi 1122111111)11 dh

for k 1 < i < n.

Turning to the equations where 1 < f < A;, we obtain

(16) Wi = Ci exp X,(<i)

n

+ /o X dijiti)w,'j dh
+ 1

n

+ exp

J = l

Since the real parts of X»(0 are nonpositive, we have, for ^ = 1, 2,

. . . ,
A;,

n

(17) |w,| < |c.| + c'3

^ + Jo
ll^ll Ill’ll

From (15) we have

n

(18) y |wj| < <6-““ + ci r e'-“‘<‘~'‘'||/2||||w|| dhW JO
j -A:+l

Since

(19) /:(/:
dlj^dh

Jo Qi Jo

we obtain, finally, from (17),

(20) lie,
I

< c', + c's ||2e||||ie|| dh, I <i <k

Combining this with (15), we derive

(21) ||ie|| < ci + cio
JJ Plllkll dh

Since by assumption
j

\\R\\ dt < 00
,
it follows by application of the

fundamental lemma that ||iy|| is bounded.
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Exercises

1. Making use of the Jordan canonical form, show that the hypothesis

that the roots with zero real part are simple may be replaced by the con-

dition that they correspond to simple factors.

2. For what values of Ci, C2 ,
and Cz are all solutions of

bounded?

d?u Cl du

ITt + 0

4. Equations with Periodic Coefficients. We now consider equations

of the form

(1) % = (4(0 + B{t))z

where A{t) is periodic and B{t) is small as > oo. That the stability

properties derived for the case where A is constant carry over to this

case is a consequence of the canonical representation of solutions of the

unperturbed equation

(2) I - Amv

furnished by Theorem 11 of Chap. 1, which tells us that the matrix

solution of

(3) = 4 (OF, 7(0) = I

has the form

(4) Y{t) = P{t)e^^

where P{t) has the same period as A{t) and where (7 is a constant matrix,

y.Using this representation, we may prove quite readily

^ Theorem 4. If all solutions of (2) are hounded, then all solutions o/ (1)

are also hounded, provided that

(5) (a) A{t) is periodic

{h) /“ ||B||d< < «

If all solutions of (2) approach zero, as t—^ oo
,
then the same holds for

all solutions of (1), under the same hypotheses.
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Proof, If all solutions of (2) are bounded, we must have ||e^^|| bounded

Si8 t—> 00
;
if all solutions of (2) tend to zero, then —> 0 and does so

exponentially, which is to say, ||6^*|| < with a > 0. Since

(6) z = y+ //
Yit)Y~Kti)B{k)z(h) dh

= y+ f‘ dh

we have

(7) Ikll < II 2/II + //
||P(0lllk‘^<‘-‘->||||P(i.)- NlliC(<i)lllk(<i)ll dh

<ci + ci p\Bih)\\Hh)\\ dh

whence boundedness follows, as before. The second part of the state-

ment is also derived along previous lines.

6. Equations with General Variable Coefficients. We already know
that the boundedness of the solutions of

(1) I - Amy

together with the condition l|i5(0|| —> 0 as ^ > 00 is not sufficient to ensure

the boundedness of all solutions of

(2) = (Ait) + Bit))z

[compare (10) of Sec. 1]. We might be tempted, in the light of preced-

ing results, to state that the result will be valid provided that we amend

the condition ||i5(<)|| —» 0 to read
j

dt < ^

.

Let us show by a

counterexample that no such general theorem can hold.

Theorem 6. There is an equation of t7jpe (1) with the property that all

solutions approach zero as t-^ 00
,
and a matrix B(t) for which j llJ5(i) 1|

< 00
,
s7ich that all solutions of (2) are not hounded.

Proof. Consider the equation

(3)
dji

dt
-ay I

dy2

dt
(sin log t + cos log t — 2a)y2

whose general solution is

(4) 2/1 = Cie-"*

y2 = (^2^^ log 2o«
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If a > 3"^, every solution approaches zero as ^ . If we choose as

our perturbing matrix

(5) “)

the perturbed equation has the form

(6)

dzi

U
dz2

dt

— azi

(sin log t + cos log t — 2a)

Z

2 +

The solution of this system is

(7) zi = Cie-^^

Z2 = + Cl
log

Let t = Since

ft rte

(8) / (/L > / c”'* dh
Jo Jte-'^

> — e "^) exp

we see that, if

(9) 1 < 2a < 1 +
the solutions of (6) will be bounded only if ci = 0. This condition is

fulfilled only for those solutions for which 2:i(0 )
= 0.

Let us now turn to the problem of seeing what we can salvage from

this. We can prove

Theorem 6. If all the solutions of (1) are hounded, then all the solutions

of (2) are hounded, provided that

(10) (a)
j

" \\B{t)\\ dt < «:>

(b) lim r tr (^) dt > ^
fZY 00 •'

or, in particular, that

(h') tr (A) =0

Condition (6') is relevant to the important equation

(11) u" + a(t)u = 0

which is equivalent to a two-dimensional system satisfying (6'),
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Proof. Expressing z in terms of y, we have

(12) ^ ^ y jo
^(Oy~Kh)B{ti)z{ti) dh

whence

(13) ||.|| < i|2/|| + I'
||r(0lll|F-»(<i)||||K(«i)||||2(<.)II dh

Since

(14) det V == exp (^) dt^

we see that, provided (106) is satisfied, ||F~^(0|| is bounded as > oo.

Hence from (13), we obtain

(15) llsll < Cl + Cl ||j5(<i)||l|2(<i)|| dh

and application of the fundamental lemma yields the desired boundedness.

6. Almost-constant Coefficient : Asymptotic Behavior. We now return

to equations of the form

(1) ^
where ||i?(0||—>0 as > <», and investigate the behavior of

||
2:|| as

^ > 00
. The simplest, and perhaps the most interesting, case is that

where A has simple characteristic roots. For the case of multiple roots

there are corresponding results which are more complicated to state and

prove. Consequently, we content ourselves with the following:

Theorem 7. If, in equation (1), the following conditions are satisfied:

(2) (a) A is a coristarit matrix with simple characteristic roots

(6) ||J5||->0a5i-^

then, corresponding to any characteristic root \k, there is a sokition satis-

fying the inequalities

(3) C2 exp I^Re {\k)t - d 2 ||R|| dt^ <

< Cl exp j^Re (Xk)t + di ||R|| dt
^

for t > to, with Cl, C2, di, and d2 being positive constants.

In particular,

lim
> 00

log
(4) = lie (Xfc)
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Furthermore^ if the characteristic roots are real and distinct, and if

j
||i^|| dt < 00

^
there are n solutions • • • >

such that

(5) z^^^ — e^^^(ck + o(l))

ns t—^ 00
,
where Ck is a constant vector.

Proof. Let C be a constant matrix reducing A to diagonal form,

C~~^AC — L, where L is diagonal. The siibstitntion z—^Cz transforms

(1) into an equation of the same form where A is now diagonal, and where

the new J5 (^)
—> 0 as ^ > oo

. Hence we start with the equation in this

form, since it is clear that, if the solutions of this new equation exist

having the desired property, then the original equation also possesses

solutions of the stated type.

A slight bit of complication is furnished by the fact that, even though

the \k are distinct, the real parts may coincide. Let \k be a character-

istic root satisfying • *
* Re (X^-i) < Re (X*) < Re (Xjfc+i) < Re (X;t+ 2 )

• •
•

,
and let ijk be the column vector whose components are 0, 0, ...

,

c^^^, 0, . . . , 0, the occurring in the A'th position. Any solution of

(1) satisfies the integral equation

(6) Z = y + Y(t — dti

where, as usual, Y{t) = exp Lt; and conversely aiiy solution of (6) is a

solution of the differential equation. To obtain a solution to (6) satis-

fying (4), we must somehow eliminate the terms involving for I > k

(which is, of course, not necessary if X* = X„). This we do as follows:

Decompose Y into the sum Y ~ Yi + Y2 ,
where
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Using this decomposition, (6) takes the form

(8) ^ 2/ + ^ Ylit ^ t^Bit^zit^ di\ ”t" ^
1^2 t^Bit^zit^ dti

The undesirable terms are now united in the second integral. To
eliminate these terms, we use the fact that ¥2(1 — ti)Biti)ziti) is a solu-

tion of dij/dt = Ay^ for any fixed ii, and consequently, provided that the

integral converges, so also is ¥2(1 — ti)Bili)ziti) dh. Hence, by

changing our choice of a particular 2/, but still regarding it as a generic

solution oldy/dt = A 2/, we may write (8) in the form

(9) 2 = 2/+ Fi(< - <i)B(/i)2(/,) dh - 1^“ Yi(t - h)B{h)z{h) dh

It is, of course, no longer immediate that a solution of (9) exists. To
obtain a solution, we have recourse to the method of successive approxi-

mations. We shall show that, with a suitable choice of ?/, a solution of

(9) exists satisfying the right-hand inequality of (3). To obtain the

left inequality, another device is required.

Choose y to be the vector yu defined above, and define

(10) Zo = J/Jc

Zn+l =" yk+
Jq

“• ti)Biti)Zn{tl) dh — ¥2(1 - h)B{ti)Znitl) dh

The point U is chosen in place of zero, since we shall require subsequently

that ||5(^)|| be uniformly small for t > h.

Let us first show by induction that

(11) ||-2n|| < Cl exp [Re (Xa:)^ + di T ||J5|| dt]
Jto

for a suitable Ci > 1, di > 0.

The result clearly holds for n = 0, Let us assume that it is valid for w,

and show that this implies its truth for 1. We have

(12) i|2„+ll| < II 2/.II + £ Iiyi(« - i,)||||/l(<l)l|||2n|| dh

+ f£ ||f,«-<i)||||js(20III|2»N<i

The first integral is bounded by

(13) Cl ||F,(< - <i)||||j5(<i)|l exp (di j‘'
||J5|| dh

< kci ^‘eR»»*)«-*.)eR«(’^)'‘||B(ii)|| exp |^di
||
1?(<2)|| dh

< ^ exp [di |lB(«i)i| dh
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Now consider the second integral in (12). It is bounded by

(14) ci(n -«/ Re + d: dh

To obtain an upper bound, we use the following lemma:
Lemma 2. Let a, 6, and he positive quantities satisfymg the condition

(15)
Ivl

Then

(16) 1 S

Proof

(17) ae““*0(O — e““'<^'(0 == ae~"*<t>{i) (1
“

/ 7 \

>a(l--)e-‘

Thus,

(18) e-><<^(i) = /***
[ae''^^<j>{t) — e~^^4>'{i)] dt > {a dt

'i'o put (14) into a form suitable for application of the lemma, we
integrate by parts, obtaining

(19)
Ci{n — k)

di

jRe i\n)t [Re (Xn --

exp [-£ ||R(i)|| dij dll

+ [exp Re (X„ - X,)«i + di ||R(0|| di)]

*

In applying Lemma 2, we set a = Re (X„ — Xa) > 0, and

Since ||/^||
—> 0 as ^ ^ oo

,
for ^ sufficiently large, and t > to, we will have

disup ||R|| < 3^2^ = h. Hence, using the lemma, we see that the
t>u

integral in (19) is less than

™ ^ Re (X.
-
- X.T “P i* i„



48 STABILITY THEORY OF DIFFERENTIAL EQUATIONS

Collecting terms, we obtain as a bound for the second integral in (12),

the expression

(21 )

Combining the bounds for the first and second integrals, we see that, if

we choose Ci = 2 and di large enough so that

(22) > + ^ + < 2
Ul (i\

then (11) will be satisfied. Once di has been chosen, is chosen to satisfy

di sup ||I?1| < 6. Thus the induction holds.
t>to

To show the convergence of we consider, as customary, the series

00

^ (zn+1 2n). There is no difficulty in showing that

n =0

(23) \\Zn+l
—

2n|| < (Cl sup ||B||)"+lc<«>'(>“>+')‘

t>to

with Cl = Ci(€). Thus, if to is suflSciently large, the series converges.

Let 25^^^ • • • ?
be the solutions corresponding to the different

characteristic roots Xi, X 2 ,
. . . ,

Xn. If two roots \k and X^+i have the

same real parts, we leave Fi and F2 unchanged and merely use the

appropriate ?/*.

Let us show that these n solutions are linearly independent. If

these solutions were dependent, there would exist a relationship of the

form

(24)

n n n

nil ykYik(t — dh
A;==» 1 k = \

n

^ ki\

Replacing F^ by F — F2fc, this becomes

(25) 0 = ^ J f^kY2k{t - h)B{ti)zk] dh
k “ jfc=l

Now the matrix Y^k, with /c = 1, 2, . . . ,
w, contains no term in

or if there are several X*, with f = 1, 2, . . . ,
Z, for which

Re (X,) < Re (Xi)



STABILITY—LINEAR SYSTEMS 49

it contains no term with Re (X) < Re (Xi). Therefore, since the X, are

distinct, the terms involving exponentials with Re (X) < Re (Xi) must
vanish identically. Hence mi == M 2 = ' * * = m^ = 0. This condition

eliminates Yn, and we are then led to the same conclusion concerning

the terms involving X^+i, and so on. Thus all the ma = 0, and we have

linear independence.

We come now to the proof of the left-hand inequality of (3). Let Z
be the matrix whose columns are the Z is nonsingular and satisfies

the differential equation of (1), and in consequence its inverse W =
satisfies the adjoint matrix equation “

dW
(26) ^ = -W(A + B)

Consider the corresponding vector equation for a row of W

(27) = -wiA + B)

The same method used for the original equation shows that, for each

characteristic root —\k of —A, there is a solution satisfying the

inequality

(28) ||«;W|| < C2 exp
[
- Re {\,)t + £ ||R|| rfii]

We can readily choose the to to be the same as in the previous case.

Let V be the matrix whose rows are the V is nonsingular, and

from the uniqueness theorem it follows that V = DW, where D is a

constant matrix D = We have VZ = DWZ = D. Let the vector

inner product of the row vector y by the column vector z be defined to be

yi^i + y 2Z2 + • •
• + ynZn and be denoted hy y • z. We have

(29) ' z^^^ — dkk

If dkk 9̂ 0, we obtain, from \dkk\ < the inequality

(30) ^ exp Re i\k)t - d2 ||^(^i)||

If dkk == 0, we proceed as follows. In place of z^^^ we consider

jfe+i

With a change of constants, we obtain an upper bound for 2^*^ of the

type (11). The matrix Z whose columns are the z^^^ has the same
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determinant as Z and is thus nonsingular. Hence Z = ZE, where E is sl

constant, nonsingular matrix. Similarly, in place of we may con-
n

sider ^ Let W be the corresponding matrix,

W = FW. Thus WZ = FWZE = FE = G, where G = Consider

the linear manifold Mi, composed of solutions of the adjoint equation

(27) which have the property that the inner product

k -

1

(31) w •

^
2 = 1

for all ai. This is equivalent to the k independent conditions

(32) w * = w • = * * * = ly • z^^'^ = 0

Since the linear manifold M of all solutions of (27) is n-dimensional. Mi
is an (n — /c)-dimensional manifold.

n

The vectors ^ cannot belong to an (n — A;)-dimen-

I = +

1

sional manifold for all choices of without contradicting the linear

independence of the Consequently, for any particular fc, guk cannot

be zero for all choices of ai and fii, and therefore for each k there exists a

solution of the requisite type.

This completes the proof of the first part of the theorem. It requires

only minor modifications to prove the more precise result obtainable

when
j

||J5|| < oo. We shall not give the details, since we shall

derive a much more general result in the succeeding section.

7. Asymptotic Results. We shall now prove a more precise asymptotic

result

:

Theorem 8. Let

( 1) § =

where

(2) (a) A is a constant matrix, with simple characteristic roots X<

(6) <!)—> 0 as t—^
^
and

j
* \\d<l}/dt\\ dt < ^

(c)
j

"
||-B(<)II dt < X.

(d) The characteristic roots \{t) of A + 4>{t) either have distinct real

parts or satisfy one of the following conditions:
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(3) (a) lim sup I P Re — Xj{t)) dt < co

00 I Jio

(6) lim Re (X^(0 — Xj(0) dt — oo
y

t—* 00 Jio

Re (Xt(0 — Xj(/)) > — c, t* > h

(c) lim P Re {\i{t) — \j{t)) dt — — oo,

» 00 Jto

Re (Xt(0 — Xj(<)) dt < c, with t > ti

Then there exist n independent solutions of (1), x^^^(t), with I < k < n,

such thaty as t—> <»

,

(4) = ^exp (c* + o(l))

where Ck is a constant^ nonzero vector.

Proof. Applying Theorem 9 of Chap. 1, we know that for t > ti there

exists a matrix S{t) such that

(5) S{A + ^)S-^ = A

where A is a diagonal matrix with diagonal elements \i{t)y the charac-

teristic roots of A + </)(/). Furthermore

(6) (a) lim S{1)
= T, (det T 9̂ 0)

t—> 00

(/;) lim \i{t)
—

)u^, a characteristic root of A
t—> 00

(c)
j ||(/>SV(/^|| dt < ^

Let us perform the change of variable y = Szy o])taining

(7) + +

Since S approaches a constant noiisingular matrix, we have

(8) j I

SBS~^ + (ll'6|| + ^ II)

~

Let us introduce a new matrix R — SBS + {dS/dt)S~^ and rewrite (7)

in terms of the individual components,

n

^ - Ut)yi = ^ R(t) = (r„(t))(9)
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For k fixed and i variable, consider the difference Re {\{t) —
Let us denote as I the set of integers i, where 0 < i < n, for which this

difference satisfies (3a) or (36) ;
the remaining set of integers where the

difference satisfies (3c) we shall denote as II.

Each of the equations of (9) may be converted into an integral equa-

tion, and we do this, using two types, depending upon whether i belongs

to I or II: If i G I,

(10) yi{t) = bik exp \k{ti) dt^

n

— j^exp
(/:

Xi(s) (^ r,;(«i)2/X<i))
]

(5,fc is the Kronecker delta symbol; 5,* equals 1 if i = A: and equals 0

otherwise.) If i G II,

n

(ii* ^®) (I!

The procedure is similar to that followed in the previous proof, where

we were also attempting to single out solutions with a particular growth

as ^ 00 . To show the existence of solutions and to obtain bounds for

the solutions, we use the method of successive approximations:

(11) yf\t) = hik exp \k{ti) dt^, i = \,2, . . . ,n

exp \k(ti)
j

n

“ /
"

{fix ^®) (X rn>0, (i e I)

J « I

n

“ fl Uu (Z ^

Since the proof is simple conceptually, but complicated in detail, we
suggest that the reader first carry through the proof for a second-order

system where the technical foliage is a minimum.

For convenience of notation, set

Re
(^l‘

hit) dt^ = Hi(t)

A2/;«>(0 =
|
t/f (0 l

_ |y!>»+l)(<) _ m > 0

(12)
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From the preceding equations we obtain, for m > 1,
'

(13) Avr\t) <
^ dh, (* G D

J

< j* e»M-,uu,) (y dh, (i e ii)

(14) < e"‘«>

Let us now show by induction that a may be chosen large enough so

that

(15)

The result is certainly true for m = 0. From (13), we obtain, using the

inductive hypothesis, for i G T,

(16) A^f+»>(0 < ^
"

e"' g |r.y(fi)|) dh

and, for i G II,

Aj/J“+‘>(<) < jf' |rfX<i)|) dh
j

From the definition of the set I, it follows that, for i G I,

(17) exp
I
— Re [X^(s) — \k(s)] dsj < Ci, t > h

for some fixed constant Ci, Hence for i G I,

(18) A2/f+i'(<) < ci2-’»e"‘<« “
(^ |»-<X<i)l) dh

^
3

Similarly, since for i G II we have

(19) exp
I Re [Ki{s) — \k{s)] < Ci, t > h

where we may use the same constant Ci in each case, we derive

(20) Ai/r+^\t) < ci2-»*e''‘(‘> (^ |r<,(<i)|) dh

If a is chosen so that

n

ln,(<i)l dh < }i

the inequality of (15) will be satisfied with m replaced by to + 1,
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Consequently the series ^ (2/1’"'*' — yf'^) converges for each i,

wi = 0

uniformly in any fixed I interval, and thus 2//> where 1 < f < n,

whieh constitutes a solution to (10). Furthermore, for each z,

(22) |Z/.(0| <

Returning to (10), we see that, for i G I,

(23) IJ
” exp X.(s) (V nj(ii)y,(<i)) dh

j

< 2cie"‘(‘)ni r,j{ti)
I

dh = o(e"‘e))

J

as f —> 00 . Hence for i G f,

(24) y^l) = (5, A- + o(l)) exp Xt(ii) dii)

If i G II, we have

(25) exp
(

\i(s) ds) ^ »’v(<i).%(<i)) <
|

^‘*
j
+

j

for a < t* < ty where we shall choose a convenient in a moment.

The second integral is bounded by

(26) 2cie"‘'‘) |r„(2i)|) dh
J

Since by hypothesis i G TI, we have

(27) d{k{s) ds — Re [Ki{s) — Xfc(s)] ds 00

as CO
. lienee we may determine t* — t*(t) such that > oo as

^ 00
J
and

(28) d^k{s) ds — 00

For example, if

i

(29) F{t) = - ds

choose t* satisfying F(t*) == KF(0, F(ti) < for a < (i < t*.

With this choice of t*, the second integral is clearly o(e^*^^^). The first

integral is bounded by
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(30) exp {!.> [X.(s) - X4 (s)] ds| k,j(<i)|) dt

3

which again is

Thus for each k we have a solution whose components satisfy

the asymptotic relations

(31) = (3;)t + o(l)) exp Xj.(s) ds^

From this it follows that the constitute an independent set of vectors.

Since z = and since S tends to a (constant, nonzero matrix, we have

the set of vector solutions whose existence was claimed in the theorem.

8. Asymptotic Series. Frequently, far more is known about the

coefficient matrix than the few properties required in the hypotheses

of the preceding theorems. It is reasonable to suspect that in these

cases we can learn correspondingly more about the solutions.

The impetus to our study is given by the important subclass of equa-

tions whose coefficient matrices have rational functions as elements.

In this introductory discaission we assume that each of the elements

in the matrix approaches a constant as oo. Each clement then

has, for large enough t, a convergent power-series expansion of the form

(1) aij(t) = Co + y +
* *

• + + • *
*

,
{Ck ^ Ckihj))

We may then write the matrix A in the form

(2) A(t) =Ao + ^+---+^+---

where the Ak are constant matrices, for t > ^o.

Going one step further, let us consider the class of equations

(3) I - Am,

where A{t) has an expansion of this above type for t sufficiently large.

If (2) holds, we have

(4) lim A(t) = Ao
> 00

lim i{A{t) — Aq) = Ax
t—* 00

lim \^{t) — Ao —
00 \ t

— Aw+1
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Note that the relations of (4) in no way presuppose the convergence

of (2). As a matter of fact, it is very easy to present an example of a

function satisfying (4) for which the scries on the right (2) is divergent

for all L Consider the scalar function

(5) g(t)

It is easily verified that

(6) lim ^(0 = 0
t-* 00

lim tg{t) = 1

lim -
Y
+ • *

• +

and that the series

- ['—
Jo X + i

dx

(7) S(t) = 1 - I +

(- l)"-»(ra - 1 )

’j
= (-l)nM!

diverges for all values of t. Notice that the series is what one obtains

formally by writing

(8) g(t)
dx

<[1 + (x/t)]

-L'' r[> f
+ +

(—
+ dx

and integrating term by term—most of which is illegal.

It follows from (6) that, despite the fact that the series diverges for

all ty we have, for t > ^oC^),

(9)
{n - 1) ! . n!(l + €)

- in+l

Since n!(l + > 0 as > oo, we observe the startling fact that,

although S{t) diverges, suitable partial sums yield excellent approxi-

mations to g{t) as ^ > 00 . If
j
for example, t = 10, we obtain our best

approximation by taking n = 10, From Stirling’s formula,

(10) 10!^ 10i«e-^0\/^

whence we see that the error term is = \/V5-
Series of this nature, possessing the property of furnishing good approxi-

mations to a given function if cut off at a proper stage, even if divergent

as a whole, are called asymptotic series. Let us now give a precise

definition.
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Definition. If the infinite sequence {a*}, fc = 0, 1, 2, . . . ,
is deter-

mined as follows:

(11) lim f(t) = ao
t—> 00

lim t(f(t) — ao) = ai
t—* 00

Hm - ao - - • • • - = a„+i

(hen f{t) is said to possess an asymptotic development as t—^ oo, and we

write

ao

( 12)

n—

0

The series is not assumed convergent, and it may or may not converge.

Let us now investigate the algebra of this new correspondence we have

defined between a function and a formal infinite series. We have

Theorem 9. If

(13)

00

m ~ J Ont ff(0 ~ y
n = 0

then, for any two constants Ci and c^, we have

(14)

Furthermore,

Cl/ + C2g

00

I
» =0

(ciO„ + C2h„)t-"

(15)

where

(16)

Moreover, if Oo 7̂ 0,

(17)

1

m

QD

Cntr"

-I c^kbi

k+l^n

I
Cl

, I
Cn

I

CO + J+ • •
•

+J„+
• • •
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(18) CoCo = 1, aoCi + aiCo = 0, . . . ,
> akCi = 0, n > 0

k-)rl=n

Finally, if

(19) T 1

n-2

then dn = — (n — 1 )an-i. If = ai = 0, then

(20) 1
n = 2

The proofs follow immediately from the definition, and we leave them
as exercises.

We may summarize the above by noting that asymptotic series may
be handled, as far as algebraic properties are concerned, like ordinary

power series. The same holds for the operations of differentiation and

integration, provided that the resultant functions possess asymptotic

developments. Hence, if /, /', . . . , all possess asymptotic develop-

ments, then P(/, where P is any polynomial, possesses

the asymptotic development that one computes formally.

To show that it is not generally true that /' has an asymptotic develop-

ment if / has, consider the function

(21) / = I
+ e sin e-‘

According to our definition, f^ 1/t, However,

(22) /' = -
-ji

- sill e^' + 2e' cos

is 7iot asymptotic to

This example also illustrates the fact that, although a function possesses

a unique asymptotic development, many functions may possess the

same asymptotic development.

Let us now turn to the application of the preceding ideas to the theory

of differential equations. Taking a simple equation, such as

(23) u" - (l + w = 0

we see, according to Theorem 8, that the solutions are linear combinations

of functions asymptotic to and as ^ > oo
, Let us try a solution of

the form
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(24) u = e‘(^l + ^j + f,+
•

• +^+ • •

Substituting into (23) and equating coefTicients, we obtain

(25) Cl = y2, c„ = ^ ^ c„_i, n >2

Consequently the series in (24) diverges for all t. We shall show below,

however, that this series we have found formally is actually an asymptotic

series for a solution of (23). In view of the form of (24), it will be useful

to liberalize slightly our definition of an asymptotic development and

write

(26)

if

f(i) ~ 0(<) ^ aj-”
n = 0

(27) |/(<)
- <f>(t) ^ m = 0, 1,2, . . . ,

n = 0

with Cm a constant, as I—^ co
. If <p(t) > b > 0 for I > to, we may write

n =0

Let us observe that, once we know that we have an asymptotic series

for a solution of (23), it is easy to compute the coefficients ui, a 2 ,
. . . ,

an, . . . recursively by equating coefficients. The main problem in con-

nection with the application of asymptotic series to differential equations

is the following:
00

Given an infinite series of the form Y divergent for all t, formally

n =»0

satisfying the differential equation P(u, u', u", . . . ,
= 0, under

what conditions is the series the asymptotic series of a solution of the differ-

ential equation?

We shall give a partial answer to the problem for the case where P is a

linear homogeneous form in u, u'

,

• • • ,
in which case P = 0

is a linear differential equation

(29) u^^^ + ai{t)u^^~^'^ + • *
• + ar,{t)u = 0

As we know, the theory of equations of this type can be made part of

the theory of linear systems,
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(30) § = A(t)y

and it is in this form that we shall treat it.

9. The Asymptotic Behavior of the Solution of dy/dt = A(t)y, The
problem has been solved completely of determining the asymptotic

behavior of the solutions of

(1) I - A»)y

where the elements of A (t) are rational functions of or more generally,

possess asymptotic developments of the form

00

(2) Oijit) ~ p{t) + ^ p m Pij, Cn = Cn{i,3)

n = l

where p(t) is a polynomial in L However, the solution is quite compli-

cated in detail, although not in principle, and for that reason we shall

discuss only the simple case where A(t) has the asymptotic expansion

(3) A(t) - ^0 + + • •
• + Ant-- + • • •

Furthermore, we shall assume that the characteristic roots of Ao are

distinct. It is easy to give examples illustrating the complicated nature

of the solutions in the case where Ao has multiple characteristic roots.

For example, as we shall see in Chap. 6
,
there are two solutions of

(4) m" - I
= 0

having asymptotic developments of the form

(5) u (exp ± 2 + cit-^ -j- . . . Cnt~- + •
• 0

Exercise

1. Determine Co by equating coefficients.

There are many special techniques particularly applicable to the

second-order eciuation; hence a complete discussion of the nature of the

solution is much easier than for the general nth-order equation.

Our principal result is

Theorem 10. Consider (1), where

(6) (a) A{t) '^Ao + Ait-^ + • •
* + Ant- + • • •

(6)

The characteristic roots Xi, X 2 ,
. . . ,

Xn of Aq are simple
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Then, corresponding to any particular characteristic root X*, there is a solu--

tion yk of (1) possessing the asymptotic development

(7) Vk ~ (co + j +
• •

• + ^ +
• •

•)

where Co is a nontrivial vector.

Proof. We require first the following

Lemma 3. If each coefficient of the algebraic equation

(8) f(z) = + ai(t)z^~^ + * •
* + an(t) == 0

possesses an asymptotic expansion

M

(9) ai{t) ~ ^
ifc-O

and if the equation

(10) g{z) = z^ + + * •
• + 4"' = 0

possesses simple characteristic roots ri, r 2 , . . . ,
rn, then each root of (8)

has the asymptotic expansion

00

(11) ~ r, -f ^
A; = 1

Proof of Lemma. It is convenient, as before, to carry through the

proof using complex-variable methods. Since (10) has simple roots, the

same will be true of (8) for t large. For ^ then, we may draw small

circles Q around each root r, in the complex plane, which are iioninter-

secting. Applying Cauchy^s residue theorem, it follows that

(12) n(0 =^ i = 1
,
2

, ... ,n, (/(z) = f{z,t))

For each z on CU we have, as if 00
,

(13) + +

Integrating term by term, and noting that the 0(^~^”+^^) estimate holds

uniformly in z, on each C,-, we obtain the required asymptotic expansion

for ri(t).

Let us now turn to the proof of our theorem. The system has the

form

dz

dt
z(14)
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where 11^2(011 ^ as ^^ oo . Since the characteristic roots of are

distinct and
j 11^2(011 dt < ^

^
our system satisfies the conditions of

Theorem 8. We know then that there exist n solutions 2 i, ^ Zn

with the asymptotic forms

(15) Zk ^ 6^H^^^[ck + o(l)]

where Ck is a constant, nonzero vector. By means of a change of variable,

we may always assume that the \k are distinct from zero. This is not

essential, but it simplifies some of the details.

The proof is inductive, starting from the known result of (15), using

the same integral equations as before. Assuming that we have shown
that

(16) Zk = + c^k^t~^ -|- o(^-^*)]

for n = 0, I, . . . ,
m and for each k, the integral equation is used to

show that the same expressions are valid for m + 1.

This exercise in repeated integration by parts we leave to the reader.

We suggest that, before the general proof is attempted, the exercises

below be worked.

Exercises

2. Derive the asymptotic expansions of the solution of

(17) ± (1 + g(t))u = 0

where

( 18) +

3. Use the asymptotic expansions derived above to find asymptotic

expansions for the zeros of the solutions of u" + (1 + (j(t))u ~ 0.

Miscellaneous Exercises

1. All solutions of dh/dU = (A + B{t) + C{t))z are bounded, pro-

vided that

(a) A is a constant, negative definite matrix

(5) B{t) is symmetric
n n

(c) (1 + Cl)
I ^ hij{t)XiXj

I

<
I ^ OijXiXj

I

for ^ > fo and some Ci > 0

i,j = 1 ij =» 1

(d)
j ||ci5/di|| dt < J 1|C(<)II dt < «>

2. If dy/dt = Ait)y, y(0) = yo, then
|| 2/|| < ||?/o|| exp m(<i)|| (f<i.

]
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3. If f
*

11^(011 dt < lim y exists. (Trjitzinsky.)
J t—* 00

n

4. If y \aij + aj\dt < «>, all solutions of dy/dt = A{t)y are

ij = 1

bounded as ^ .

6. There exists an orthogonal matrix B{t) such that \i y — B{t)zj the

equation dy/dt = A{t)y is transformed into dz/dt = A'^{t)Zj where A*{t)

is semidiagonal. (Diliberto.)

6. There exists a bounded nonsingular matrix B(t)j such that A*{t)

is diagonal. (Diliberto.)
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CHAPTER 3

THE EXISTENCE AND UNIQUENESS OF SOLUTIONS
OF NONLINEAR SYSTEMS

1. Introduction. In previous chapters we have discussed the proper-

ties of linear systems of the form dz/dt = Az. We now turn to a pre-

liminary discussion of nonlinear systems of the form

fJz

( 1 ) 22
, ,

2„, 0

2,(0) = c„ i = 1, 2, . . . ,
n

Introducing the new dependent variable z„+i = t, we may write (1) in

the form

dz’
(2) Z2j • • • f Znf Zn+l)f ^ == 1, 2, . , . ,

?!

dZn+1 4

dT
2:*(0)

= Ci, i == 1, 2, . . . ,
n

a:n+i(0) = 0

where the right-hand side is now free of any explicit dependence upon
This in turn may be written in the simpler form

(3) • § = /(2), 2(0) = C

where f(z) denotes the vector whose ith component is fi(zij 22
, ,

Zn+l)'

We wish to derive some simple conditions which ensure that (3) has a

unique solution. More important, however, is the opportunity to dis-

play two fundamental methods, one of extreme theoretical importance,

the other of extreme practical importance in connection with the numer-

ical solution of differential equations, ordinary and partial. The first

is the method of successive approximations, which we encountered

previously, and the second is the method of finite differences. This last

consists in replacing (3) by the difference equation

(4) z(t + h) - zit) = 2(0) =. e

where t takes only the values 0, h, 2h, and so on?^
65
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A third powerful method for providing existence theorems, the Birk-

hoff-Kellogg technique of fixed points in function space, will not be

discussed in this volume because of its dependence upon advanced

concepts.

Since we are not primarily interested in questions of existence and

uniqueness in the small, we shall content ourselves with stating and

proving only the basic results.

2. Method of Successive Approximations. The natural extension of

the method we employed for linear systems is to define inductively the

sequence [zn] as follows:

(1) 2o = c

^ ^ = 0
.
1

.
• • •

This is equivalent to the integral definition

(2) Zii c

Zn+l ^ + /q
f(^n) dti

Let us assume that f(z) is a continuous function of z in some neighbor-

hood of c, say the region R defined by \\z — c\\ < Ci. The definition

given in (2) is inductive and hence gives rise to the (question of the actual

existence of the Zn for n > 2, since /(^n) may fail to be defined for some n.

Let us show that by restri(^ting ^ to a suitable interval we can ensure the

existence of each Zn- From (2) we obtain

(3) ||3„+1 - c|| < ||/(zn)|| dti < c4

where we let C 2 = max ||/(.2:)|| for z in R. Hence if C 2t < Ci, Zn-\ i will also

be in R, Henceforth we restrict t to lie in the interval 0 < ^ < Ci/c 2 .

Note carefully the strict inequality, which implies that Zn is always inside

R.

We must now consider the question of convergence of the sequence

{zn}- As before, this is equivalent to the convergence of the series

00

^ {zn-k-i — Zv)- In place of this series, we consider the majorant

rt = 0

2||2:n+i — Zn\\> From (2) we obtain for n > 1, the inequality

(4) ||2n+l - ZnW < WKZn) - /(2n-l)|| dt

To continue the proof along the lines of Sec. 3 of Chap. 1, we require

some relation between \\f{zn) — f(zn-i)\\ and \\zn — Zn-i\\* Let us assume

that for any two vectors x and 2/ in /? we have the relation
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(5) ll/W -/(y)ll < Csllx - J/II

where c-s is a constant depending only upon the region R and not upon
the vectors x and y. A condition of this type is called a Lipschitz condi-

tion. It automatically implies continuity.

Returning to (4), and using (5), there results

(6) ||Z„+1 - Z„|| < Ci liZn — Zn-l\\ dtl, U > 1

Since
||
2 i
— Zo|| < ||/(2o)ll dh = ||/(c)||< = Cit, iteration of (6) yields

(7) II*.*, *.ll <

whence — Zn\\ converges uniformly for 0 < ^ < < Ci/c2 . It

follows then that Zn converges uniformly to a function z(t) which satisfies

the integral equation

(8) z = c f{z) dt

and thus the differential eriuation.

Let us, before turning to the treatment of the unicpieness problem,

mention a simple condition on f{z) which will yield the Lipschitz condi-

tion. The mean-value theorem shows that, iif{z) has uniformly bounded

partial derivatives with respect to the z^ in it will satisfy a Lipschitz

condition in R.

3. Uniqueness, We now wish to show that the solution found by the

method of siu^ccssivc approximations is, under the assumptions we have

made, the only solution of

n) =

in the interval 0 < ^ < fo < Ci/c2 . Assume that there exists another

solution y. Since y is continuous and in R at time ^ = 0, it is in R for

0 < ^ < ^ 1 ,
where h is a positive quantity. Let h = min [^o,^i]. For

0 < ^ < ^2 we have, combining

(2) y = c+j^f{y)dk

and (2) of the previous section, the inequality

||Zn+l - 2/11 < \\f{Zn) - f(y)\\ dh(3)
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and thence

(4) Ikn+l - y\\ < C3
f*

\\zn “ VW dh

Using the fact that ||zo — 2/|| < 11/(2/) II
dh < C2<, we obtain by iteration

(5) -
!<ll S

Letting n oo
,
we see that \\z — < 0, which means that z ^ y m

[0,^2]. If t2 ~ ^0, our proof is finished. If not, we can begin oX t ^ h
and obtain a larger interval within which y ^ z. If, however, we con-

tinue in this direct fashion, we have no guarantee that we can ever fill up

the entire interval [0,/o]. Hence we proceed as follows: We know that

we can find a nonzero interval [0,r] within which z ^ y. Since y and z

are continuous, this interval must be closed. I^et [0,r] be the largest

such interval. If r < ^o, we may employ the method above to increase

the interval. Hence r = <0.

We have now completed the proof of the following result

:

Theorem 1. //, for any two vectors x and y in the region R defined by

\\z — c|| < Cl, we have

(6) ll/(a;) -/(2/)il < Calls; - y||

where C3 is a constant depending only upon 72, there exists a unique solution

to

(7) = m, z(0) = c

for Q < t < C1/C2, where C2 = max ||/(2J)||.

R

Exercises

1. Consider the sequence defined by

(8) Zq = w{t)

Zn+i = C + j^f{Zn) dh, n = 0, 1
,

. . .

where ic(0) = c. Does this sequence converge to the solution of the

differential equation, under the above conditions onf{z) and under suitable

restrictions on w{t) ?

2. Do there exist functions /(«), apart from linear functions, which
satisfy Lipschitz conditions for all real z?
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3. Is it necessary for the existence and uniqueness of the solution that

f(z) be continuous? Consider, for example, the scalar equation

(9) (a) du/dt = /(u), w(0) = 34> where

(6) Ku) =0, <u<y2 ,
= hu>y2

What generalization of Theorem 1 is valid?

^4. An Example Illustrating Lack of Uniqueness. We have seen that

the Lipschitz condition yields the existence and uniqueness of the solution

of

( 1 ) f = fiy), 2/(0) = c

Let us now assume only that f{y) is continuous. As we shall see below,

this condition is sufficient to guarantee the existence of at least one

solution of (1). However, we cannot establish uniqueness on this

hypothesis, since it is not true in general.

Let us consider a simple example. The scalar equation

(2) ^ “(0)
= 0

has two solutions

(3) M = 0

« = 4

for ^ > 0. Of course, \/u does not satisfy the Lipschitz condition in the

vicinity of u 0.

Exercises

1. Show that the equation du/dt = w®, = 0 at ^ = 0, possesses two

solutions for 0 < a < 1, but not for a = 0 or 1.

2. Consider the equation du/dt = w(log w)®, w = 0 for ^ = 0. For

what values of a is there a unique solution?

3. Consider du/dt = /(w), where w = 0 at < = 0, j^du/\f{u)\ = <»,

Is the solution unique in this case?

6. Method of Finite Differences. Let us replace the differential equa-

tion we have been treating by the difference equation

+
t = o,h,2h, . .

.

(1)
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The solution of (1) may be continued up to ^ = nhj provided that y(kJi)

lies in 22 for /b = 0, 1, . . . ,
n — 1. As above, this is true for 7ih <

Ci/c2 f
where Ci and C 2 have their previous meaning.

The geometric significance of this approximation may be illustrat<.\!

very simply for the case of scalar equations. Suppose that u is a solutio:.

of du/dt — ?^(0) = Cl, and we wish to find u at the point ti. Let 1:.

set ti — Sh and subdivide the interval [0,/i] into three equal parts of

length hj as in Fig. 1. Assuming that the solution curve is a straight

line over the interval [0,h], we find that its equation is

(2) u = c + 0 < t < h

since its slope is determined by means of the differential equation. At
t = hj u = c hf(c). From P to Q we again assume that the curve is

a straight line, determining the new slope by means of the differential

equation. The equation of PQ is then

(3) u = u{h) + Ku(h))(t ~h), h<t<2h
where u(h) = c + hf(c). Continuing in this fashion, we determine the

line Qli and thus u(3h). If we wish a better approximation, we repeat

the procedure, using six intervals instead

of three, and then twelve intervals, and

so on.

We shall show that, under the sole

assumption that f{u) is continuous, it is

possible to obtain a sequence of solutions

of the difference equation for different

values of hj which approach a solution

of the differential equation. This proof

will be only an existence proof, noncon-

structive in the sense that we cannot in this way with certainty actually

compute solutions. If we wish to obtain numerical solutions, we must

impose our former condition, the Lipschitz condition. We shall leave this

last as an exercise and consider in detail only the case where we assume

continuity alone.

For simplicity, let us set hi = A, /in+i = hn/2 = h/2^. For each hk

we have another difference equation (a vector-matrix equation)

(4)

~
= f(yi0), t = 0, K 2h, . .

.

For each hk, we may compute, using the difference equation, the set of

values 2/(0), y{hk), . . . ,
y(nhk), where n is the largest integer satisfying

nhk < C1/C2. Clearly, we shall have a different n for each h. Let us
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now construct the function which assumes the values 2/(0), y{hk)y . . .

Sit t = 0, hky . . . ,
respectively, and is linear in between. This function

is shown schematically, in Fig. 2.

We shall demonstrate that the sequence

{2/fc(0} satisfies a uniform Lipschitz

condition,

(fi) \yk{t) - yk{s)\ < C 2 \t - si

0 < <, S < - Fio 2.~ Co

where C 2 = max ||/(/y)|| is clearly independent of k.

y € R

This we see as follows: If s and t are within one interval, then

(6) yk{t) “ ijh{s) = (t - s)f(yK(rh))

since within each interval [rhk, {r + l)hk], we have

yk(t) = yk(rhk) + (< - rhk)fiyk(rhk))

If s and t are in adjacent intervals, s < rhk < ty we write

(7) ykit) — yk(s) = yk(t) — yk(rhk) + yk(rhk) - yk(s)

and obtain

(8) \\yk(t)
-

7/;t(s)|l < \\yk{t) - yk{rhk)\\ + \\yk(rhk) - ?y;fc(s)li

< C2[{t — rhk) + {rhk — s)] = C 2 {t - s)

Quite generally then, if s and t are any two points in [0,Ci], by writing

(9) t ~ s = (t - rhk) + (rhk — (r — \)h}^ . -f — s)

we derive the general inequality

(10) ||2//fc(0 - ?/^(5)ll < C2\t - si

From this inequality it follows that, whenever 1^ — si < 5 in [0,Ci]^

we have \\yk(0
—

2/aC‘?)|| ^ provided only that 8 = 3(e),

independent of k. A sec^uence {yk{t)] satisfying this condition is said

to be equico7iiimious.

We now wish to establish a general result:

Lemma (Arzela Selection Theorem). Let [yn{t) j
he an infinite sequence

of uniformly houiidedy equicontinuous fimctions in a hounded interval

[ayh]. Then there exists a subsequence which converges uniformly in [a, 6].

Proof. Let /i, ^2 ,
. . . be the rational points in [a,6], enumerated in

some order. The sequence {yn{ti)] is uniformly bounded and hence

possesses a convergent subsequence {^ni(^i)}. Let us now consider the
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sequence [yni{t2)]. In turn, as a uniformly bounded sequence, it

possesses a convergent subsequence {yn2 {t^ } . Continuing in this fashion,

we obtain a sequence which converges for ^ ^2 ,
. . . , tk^

Consider now the sequence [ykkit)]- By virtue of our construction, this

sequence converges at each of the points ti, ^2 ,
. . . , ^n, . . . . Let

y(J) be the limit function, defined as yet only for ^ ^2 ,
. . . ,

tn,

. . . . Since the original sequence {yn{t)] was taken to be equicon-

tinuous, we have WykkiU) — ykk{tj)\\ < e for \U — tj\ < 8 = 8(e)
,

8 being

independent of k. This property, then, is preserved by the limit function

y(t), that is, ||2/(0 ” 2/(^j)ll ^ « when — tj\ < 5, which means that

y(t) is continuous over the set {<»}. We now define y(t) for all t in

[a,&] by means of the relation y(t) = lim y(U) as U —> t through a sequence

of rational values.

It remains to show that ykk(t) —> y(t) uniformly for t in [a,fc]. Divide

[a,6] into N equal parts, where N will be specified in a moment, and let

the end points be a = So, ai, . . . , Sjv = &. Sr < t < Sr+i, we have

(11) ykk(t) - y(t) = (ykk(t) - ykk(sr)) + (ykk(sr) ~ y(sr))

+ (2/(Sr) - 2/(0)

Choose N so that ||2/fcfc(0 ^fcfc(sr)|| ^ € whenever Sr < t < Sr+i, for

all k. This may be done by virtue of the equicontinuity. This also

implies ||^(sr) 2/(011 «•

Then choose n > no, depending upon N so that
||2/a:*(s/) — y(st)\\ < e,

for i = 0, 1, 2, . . . ,
AT. It follows that for n > no, depending only

upon €, we have \\ykk(t)
—

2/(011 ^ 3€, which demonstrates the uniform

convergence.

Exercise

1. Show by means of counterexamples that the above theorem is not

valid if we omit any one of the three conditions ‘‘equicontinuous,’’

bounded,” “finite interval.”

Having established this result, we apply it to the sequence {2/n(0}

obtained from the difference equations. We must now show that the

limit function satisfies the differential equation. This may be shown
directly, but it is easier, as usual, to show that y satisfies the integral

equation. For any I and k we have

(12) yk[(l + l)hk] = yk(lhk) + hkj[yk(lhk)]

Summing over Z = 0, 1, 2, . . . ,
L, we have

L

yk[(L + l)hk] “ ^ + y hkf[yk(lhk)](13)
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since yk(0) = c for each fc. Let L be chosen so that Lhk t as oo

and for example, L — [2kt/h]. Then yk[iL + l)hk]-^ y(t).

Since the right-hand sum in (13) looks like the approximating sum to a

Riemann integral, we should expect this expression to approach f(y) dt

as /c —> 00
. We have

Lt Li Ij

(14) 2 W[2/*W] = ^ h,mih,)] + ^ h,\S{yk{lhH)] - f[y{lhk)]]

i»o I»0 1-0

The first sum is a Riemann sum and approaches f(y) dt. Since the

sequence \yk{t)] is uniformly convergent and since /(^) is continuous,

we have \\J[yk{lhk)\ — f[y{lhk)]\\ < € for all I and for k > ko. Hence

(15) IT hMbjkiih)] -f[y(ihk)]\

J-O

< ehkL < et

This completes the proof.

Exercises

2. Prove directly that y{t) is differentiable and satisfies the differential

equation y' = f(y).

3. Under the hypothesis of Theorem 1, show that ^ is a continuous

function of the initial vector c in some region about c.

4 . Let z{tjC) be the solution of dz/dt = f{z)y z(0) = c, where/ satisfies

the above conditions. Show that for s and ^ > 0 and sufficiently small,

we have 2:(s t, c) == z{s, z{tyC)),

6. Consider the scalar equation du/dt — au + (the Bernoulli equa-

tion). It may be solved in elementary terms by letting v =
Show directly that the above functional equation is satisfied.

6. In the fixed interval [0,a], find an expression for the difference

between the solutions of the two vector systems

y' = S{y), j/(0) = Cl

z' = giz), g{0) = C2

7. (Generalization of Newton^s method.) Compare the rapidity of

convergence of the successive approximations obtained from

(16) j/h-i = J/»+i(0) = c

with those obtained from

(17) 24+1 = /(y») + (y»+» “ y»)/'(y"). 2/»+i(o) = c
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8. Consider the system dyjdt = /,(yi, Vi, , Vn, t), t = 1, 2,
n

. . . , 71, where — Si{z,t)\ < ^ lk\yk — Zk\ for all yk and Zk. Let

(2/n 2/2 ,
• • • , 2/n) and (^i, 22 , ,

2:„) be any two solutions of the equa-

tion such that yk{tk) — Zkitk), A; = 1, 2, . . . ,
71

,
where the 4 are any n

n

points of the interval [a,h]. Then h — a > 1 ^ h. Hence if

f.m = 0

no nonidentically vanishing solution of the equation can have its com-

ponents vanishing, respectively, at points inside an interval of length

h — aii b — a satisfies the above inequality. (Fite.)

9. Use the nonlinear integral equation

u = exp
[

~ ^

to establish the existence of the solution of w)'" + 2ww" = 0 determined

by w{0) = w\0), w"{0) = 1, for all ^ > 0. (Weyl.)
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CHAPTER 4

THE STABILITY OF SOLUTIONS
OF NONLINEAR DIFFERENTIAL EQUATIONS

1. Introduction. In this chapter we begin the study of the stability

of the solutions of nonlinear differential equations. We shall consider

only systems of the form

n

X i = \,2, . . . ,n

where the fi(z,£) are nonlinear functions of the Zj. The most important

case is that where the fi are independent of ( and are power series in the

components of z with no zero- or first-order terms. Employing vector-

matrix notation, we may write (1) as

(2) f^
= A(t)z+f{z)

The nonlinearity condition we shall impose is

(3) -> 0 as ll^ll
-> 0

If we wish to present results of any comprehensiveness, we are forced

to particularize still further and demand that either

\^4) (a) A (0 be constant, or

(6) A(0 be periodic, or

(c) A (t) be asymptotic to a matrix of either of the above two types

An important category not included above is that of almost-periodic

matrices. Despite the obvious importance of equations of this type

and the attention that has been paid to the problem, the results are still

incomplete. Consequently, we shall not discuss any of the known
results here.

From the nonlinearity property of /(z), as expressed by (3), we see

that 0 = 0 is a solution of (2). We shall call this the nully or trivial,

solution and shall be interested in solutions of (2) which remain close to

z = 0, This intuitive notion of closeness will be made precise below,

75



76 STABILITY THEORY OF DIFFERENTIAL EQUATIONS

Our discussion of nonlinear equations will be notably incomplete in its

lack of reference to periodic solutions. Despite the apparent simplicity

of the concept, the theory of periodic solutions is one of the most difficult

of present-day analytical theories and relies upon many deep and compli-

cated theorems of topology. Consequently, we feel that its treatment

would be out of place in the introductory volume.

2. Stability. Let us begin by giving a definition of the way we shall

employ the overworked word “stability.^’

Definition. A solution z = ^2,
. . . , Zn) of (2) of Sec. 1 is said to

he stable iffor every « > 0, there is ah = h(e) such that any other solution of

(2), y = (2/1, 2/2, , 2/n), for which \\z --
y\\ < h at t = to

^
satisfies the

further inequality \\z — y\\ < efor t > h.

Geometrically put, one thinks of the solution 2 as a curve in n-dimen-

sional space surrounded by a tubing which has the property that any

solution which once penetrates this tubing must thereafter remain within

a slightly larger tubing.

Let us now show how the question of^e stability o^any^ohition can

always be made to depend upon the stability of ^e null solution w „= H
of a relati^ equatlra. Let zhee. solution of dz/dt = f{z) whose stability

is^to be investigated. Set y = z A- where y is another solution of the

equation. Then

f = i + + =/(z) + 7(/,^)t«+ • • •

where J(fjZ) is the Jacobian matrix of / with respect to z. The resulting

equation for w is

(2) ^ = J(f,z)w + • • •

an equation of the type of (2) of Sec. 1.

It is reasonable to suspect that the stability of the null solution w = 0

of (2) is strongly dependent upon the stability of the null solution of the

linear approximation

(3) ^ = J(f,z)w

We shall demonstrate, with the aid of some additional assumptions

concerning the linear equation, that this dependence is almost equivalence

in the cases where / is a constant or periodic matrix. And then we shall

show, by means of a counterexample, that the natural conjecture that

the stability of the solution == 0 of the linear equation (3) always

implies the same for (2) is not true.
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In many interesting cases, a change of variable will transform an

equation of general type into one of the special types which may be

handled by the methods we present here. In a later chapter, we shall

have examples of this when discussing

dhi
(4)

~ - a{t)u = 0

and

3. A Preliminary Result. A further motivation for the study of the

stability of trivial solutions is furnished by the following result:

Lemma 1. Consider the system

dz •

(1) 22 , , 2«), i = \,2, . . . ,n

each /, being independent of t and continuous in the e, for — oo < < oo

.

If z = (zij Z2 j
• • • )

Zn) is a solution of equation (1) which approaches a

constant vector c = (ci, C2 ,
. . . , Cn) as t-^ then

(2) fi,(^Cij C2 ,
. . . , Cn) ~ 0, ^ — 1, 2, , , , ,

Proof. There are two possibilities for each component Zi. Either it

approaches c,- monotonically as 00
,
or it oscillates infinitely often

about Ct. In the first case dzi/dt —> 0 as ^ ^ co
;
in the second case

dzjdt = 0 infinitely often. In both cases, it follows that

f%(Cij C2 ,
. . . ,

Cn) ~ 0

The change of variable Zi = c* + Wi converts (1) into an equation which

has the null vector ic = 0 as a solution.

Suppose now that we have a mechanical system S, specified by n

parameters ziy z^,
,
Zn, whose behavior as functions of time is deter-

mined by a set of equations of the type of (1). If we consider an equi-

librium position to exist when the Zi are constants independent of time,

equation (2) furnishes all possible such states. The question now arises

as to what happens to the system when we disturb it slightly, that is,

when we change the parameters Ci, C2,
. . . , Cn into a nearby set of

values c'l, (4, . . . , (4.

The following possibilities exist:

1. As 00
,

the solution of (1) subject to the initial conditions

2,(0)
= cj, i = 1, 2, . . . ,

n, approaches the stationary solution Zi = c^,

the original equilibrium state.
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2. As —> 00
^
the solution approaches another equilibrium state,

3. As ^ » 00
,
the solution approaches no equilibrium state in the above

sense. It may approach a periodic solution or have a more complicated

type of behavior.

Let us give some simple examples of the above. Consider the equation

(3) + « = 0

A stationary solution is ?/ = 0. If this solution is perturbed, giving rise

to another solution with an initial condition u{tQ) = Ci 0 at some time

^0 ,
as ^ > 00

,
this new solution will approach the stationary solution. In

this case we would say that the system is in stable eciuilibrium.

Consider the equation

(4)
du

dt
= u ~

There are two equilibrium states, = 0 and u — 1 (see Fig. 1). If

u{G) > 0, lim = 1 as ^ 00
. If ^/(O) <0, — oo as^— co. The

state w = 0 is an unstable state, while the state u = 1 is stable, with

regard to small perturbations.

Finally consider the ecjfuation

(5)
dhi

Tt^
+ M = 0

The solution = 0 is a stationary one. In one sense it is stable; in

another sense it is unstable. If we consider the solution

u Cl cos t + C2 sin t

corresponding to ?/(0) = Ci, t^'(O) = C2 ,
u will not approach zero as

However, will remain as close as desired to the stationary

solution if we take |ci| + |c 2
|

sufficiently small. According to our defi-

nition of stability given in Sec. 2, the stationary solution is stable.

4. Fundamental Stability Theorem, First Proof. In this section we
present the fundamental result connecting the stability of the null solu-

tion of the nonlinear equation with the behavior of the solutions of the

linear equation.

We write our equation in the form

(l) ^ + J{z), z(0) = c

where A is a constant matrix and f{z) satisfies the nonlinearity condition

Il/(2)ll/ll2||
-»0 as ||z|l -^0.
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Heuristically, we might argue as follows: If Il2:(0)|| is small, then, by
virtue of the nonlinearity condition, Az + f(z) is very nearly Az, If all

the solutions of dy/dt = Ay approach zero as ^ oo
,
z should have no

opportunity ever to become large. Hence, for all t, z should act like a

solution of dy/dt = Ay.

This proof'’ happens to be correct if A is a constant matrix. As we
shall see by means of a specific example, it is not true in general if the

coefficient matrix is variable.

Let us now prove

Theorem 1. If

(2) (a) Every solution of dy/dt Ay approaches zero as ^ > oo

(/>) f{z) is continuous in some region about 2 = 0

(c) ||/(z)||/llz|| -»0as ||z||

0

then z " 0 is a stable solution of (1).

Furthermore, every solution of (1) for which ||2:(0)|| is sufficiently small

approaches zero as t-^ qo .

Three proofs of this fundamental theorem will be given in this chapter.

Each proof has its own special interest and its own range of generalization.

Note that nothing is said concerning the uniqueness of solution. In

general, we may expect nonuniqueness, and the interesting point is that

the theorem asserts that no continuation can deviate too far from the

trivial solution if the initial value is close enough to the origin.

First Proof. It is a consequence of our fundamental existence theorem

that (1) possesses a solution in some neighborhood of i = 0, say 0 < ^ < <o.

We wish to show that any such solution can be continued over the entire

positive t interval. To do this, it is sufficient to show that
||
2

||
is uni-

formly bounded for / > 0, and that the bound thus obtained lies within

the region where f{z) is continuous.

The first part of our hypothesis tells us that the solution of

(3) W ^ ^ ^

approaches zero as ^ oo
,
which, in turn, implies that

(4) I
\\Y{t)\\ dt < «>

Since the solution of

(5) ^ = Ay, 2/(0) = c

is given hy y = Yc, we see that
II 2/II < l|I^lll|c|| < ai||c||.

Applying Theorem 4 of Chap. 1, we conclude that the nonlinear
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differential equation (1) may be converted into the nonlinear integral

equation

(6) z = y + Y(t - dti

We now derive a uniform bound for any solution of (6), namely,

\\z\\ < 2ai||c||, provided that ||c|| is sufficiently small. This will prove

the desired stability. The proof is by contradiction. Let <2 be the

first point at which \\z\\ = 2ai||c|| in the interval (0,^o). That 1^2 > 0

follows from the condition ^(0) = 2/(0). At the point ^2 ,
we have

(7) 2ai||ci| = llzll < || 2/|i + f‘^
mt, -

<i)||||/(za,))|| dh

If ||c|| is small enough, we have, by virtue of the second part of our

hypothesis, ||/(2:(<))|| < €i|| 2:(0 ||
for 0 < t < hy where ci can be made as

small as desired by suitable choice of ||c||. Thus

(8) 2ai|ic|| < aillcll + «i(2ai||c||) ||F(«2 - <i)|| dt,

< ai||c|| + 6i(2ai||c||) ||F(<i)|| dh < 2ai\\c\\

if ||c|| is sufficiently small. Consequently there is no point ^2 . The
solution may now be continued, interval by interval, preserving the

uniform bound, until we have covered the positive t axis.

To show that \\z\\ 0 as ^ > 00 if ||2;(0)|| is sufficiently small, we make
the change of variable, z = where X is a fixed quantity less that

zero and greater than the real part of any characteristic root of A, Once

we fix this value of X, the upper bound on ||a;|| will depend upon X. The
new variable x satisfies the equation

(9)
~ = {A- \I)x +

Although the form of the nonlinear term is slightly different from that

treated before, there is no trouble in verifying that the same argument

suffices, because of the assumption (26). Since x is uniformly bounded,

it follows that \\z\\ —> 0.

Exercise

Show that the condition that f{z) be continuous may be relaxed

considerably.

6. Fundamental Stability Theorem, Second Proof. Our principal tool,

which will be used again subsequently, is the matrix-transformation
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theorem of Sec. 8 of Chap. 1, according to which we may find a constant

matrix T having the property that

( 1) T-^AT =

Xi 6 i2

0 X 2

0 0

^In

^2/1

Xn

where the elements of the main diagonal are the characteristic roots of Ay

and where |6»j| < e, where e is any prescribed positive quantity.

The substitution z ^ Tx yields

(2) g = T-^ATx + T-^fiTx)

Let /i(x) = T~^J{Tx). It is easily seen that /i(a:) satisfies the same
condition as /(a;). Turning to the individual components of x, we have

~ = Xixx + ^ b,iXi + Su{x)(3)

dX2

dt

i>l

><2X2 + ^ h 2]Xj + Si 2{x)

»2

^ = X„a;„+/a„(a:)

n

Consider the sum ^ \xk\^. Since

k^l

(where by Xk we mean the complex conjugate of Xk),

= ^ bkjXjXk + Xkfik{x)

l>k

+ Xfe|xjfc|2 + ^ bkjXjXk + Xkfik{x)

. 3>k

we obtain

(5) IjXt ^ ( 1 + ‘Ill'll' +

where X is the characteristic root with least negative real part.
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At t — 0, we have, since Re (X) < 0, and ||a:(0)l| is sufficiently small,

that

n

(6) Re (X)
( 2 + ||x|||!/.(a;)l| < 0

n

Thus 2 \xk\^ is decreasing in the immediate neighborhood of i = 0,

k-=l

and the argument may now be repeated, so as to ol)tain the following

inequality for all t\

(7) 2 1
^*

1

' - (

2

k=>l

for some a > 0.

Exercise

Does this proof require that J{z) be continuous?

6. Fundamental Stability Theorem, Third Proof. Let us now present

a third proof depending upon the method of successive approximations.

Since our hypothesis and conclusions are now slightly different, we state

the results in detail.

Theorem 1'. If

( 1 ) (a) Every' solution of dy/dt — Ay approaches zero as t~^ ^
(b) li/(2)il/lkl|-^0as ||2!||->0

(c) ll/(2 i) — < Cj\\zi — ZiW for pill and II22II less than Ct,

where Ci —> 0 as C2 —> 0

then z = Q is a stable solution of dz/dt = Az + /(s:).

Every solution z for which
||
2:(0)|| is sufficiently small may he computed

by the following method of successive approximations:

(2) ^ = Azo, Za(0) = c

= Az„+i + /(z„), Zn+i(0) = c, n = 0, I, . . .

and approaches zero as t-^ 00
.

Proof. We start from the integral equation

(3) ® = 2/ + /o
dk '

and apply the method of successive approximations, as above in (2).
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There are two steps to the proof of convergence, which we shall show

to be uniform in t over the infinite t interval 0 < ^ < oo . The first step

is to show the uniform boundedness of \\zn\\ over 0 < ^ < oo
,
provided

as always that p(0) ||
is sufficiently small. The second step is to establish

00

the uniform convergence of z (^n+l 2b).

We have ||zo|| = ||2/|| = ||Fc|| < ||F||||c|| < ai||c|| < 2ai||c||, where

c = z(0) = 2/(0). Let us now show that l|z„|l < 2ai|lcll impUes that

IIzb+iII < 2ai||c||. From (2),

(4) Il2„+,|| < II 2/II + /;
||F« - fl)||||/(2„)|| dh

p\Y{t-h)\\\\z4dh

provided that ||c|| is small enough, and thus

(5) ||
2n+ii| «il|c|| + <x(2a,||c|i) f*\\y{i

-
<i)ll dh

< aillcll + *i(2ai|lc||) [^’° ||F(/,)|| dh < 2m\\c\\

if ||c||, and consequently ei, are small enough. Since the inequality

holds for n = 0, it holds for all ii > 0.

00

Now let us show the convergence of ^ (^^fi — ^n). We have

n =0

(6) Z„+l - z„ = j‘ Y(t — ti)[f{Zn) — f(Zn-l)] dti

1|2b+i - 2n|| < 1|F(< - ii)||||/(z„) -/(z„_i)|| dt

< Cl \\Y(t — ti)\\\\Zn ~ Zn-l\\dt

using (Ic). The constant Ci can be made arbitrarily small by taking

the norm of ||c||, which determines the norm of \\z\\j sufficiently small.

From (6) we have

(7) ll^Jn+i Zn\\ < Ci{ max \\zn - Zn-i\\) C 11F(< - ^i) 1|
dti

0<ti<t 1°

and thus,

(8) max \\zn+i - Zr,\\ < (ci
/’*

||F(^i)|| dt^ max ||i2n “ 2;n-.i||

Since *
||
F(^i)

||
dh = Cz will be less than 1 for C2 chosen small enough,

the series
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(9) ) max ||z„+i — z„||

eo

converges by comparison with the series ^ cj. This convergence is

n =* 1

uniform over the positive half of the real axis. Thus Zn converges uni-

formly over this interval to a limit function z, which by virtue of (2)

satisfies the equation

(10) Z = y+ Y{t - k)f{z) dt,

and thus satisfies our original differential equation.

Since ||/(2)|i < €i\\z\\j we obtain

(11) INI < IMI + *i p\Y(t-tM4dh

< C4e~“‘ + €i dti

for some positive constants C4 and a > 0. Hence

(12) ||z||e“‘ < C4 + €1 e“‘‘|lz|| dh

whence the fundamental lemma yields If €1 is sufficiently

small, we sec that \\z\\ —> 0 as ^ > 00.

Exercises

1 . Show that the above result holds for the equation

I = (44 + B{t))z+f{z)

provided that |i^(0ll is sufficiently small, or that /• m\ dt < 00

.

Show how this result may be used to reduce problems of this type to the

case where A has distinct characteristic roots.

2. Show that the above result holds for the equation

provided that/(2, dz/dt) satisfies suitable conditions.

3 . If |w(0)| is sufficiently small, is the solution of du/dt — — 2u + e*u^

bounded ? Generalize.

4. If is it true that, if |w(0)| is sufficiently small and if

w'(0) is chosen properly, there is a solution which approaches zero as

^ > 00 ?
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6. Consider the nonlinear system

dt

n n

- + 2/i ^ ^ hkym, i = 1,2, , n

; « 1 j,k = 1

where hxjk > 0, and where the above equations imply a relation of the
n

form ^ a^yi = Ci. Show that under these assumptions every solution

i== 1

for which yt(0) > 0 may be continued throughout 0 < ^ < oo and the

solutions will remain nonnegative and uniformly bounded. (Carleman.)

7. Asymptotic Behavior of the Solutions. We know that the solutions

of

(1 )

under the hypotheses of Theorem 1 or 1' approach zero and are actually

majorized by exponentials of the form e'~^\ with a > 0. The question

arises as to the precise asymptotic behavior of the solutions.

Let us consider the most important case where the hypotheses are

satisfied, the case where the components of f(z) are power series, in the

components of z, lacking constant or first-degree terms.

We may then write (1) in the form

(2) ^
where (7(z) is a matrix whose elements are power series, in the components

of Zj lacking constant terms. * Since
||
2

||

—^ 0 as ^ , (2) has the form

(3) § =

where B{t) —> 0 as ^ <», and where actually [1^(011 ^ a > 0, for

^ > 0, together with similar conditions on the derivative.

If A has simple characteristic roots, the asymptotic behavior of the

solutions of (3) may be immediately deduced from the results of Chap. 2.

If A has multiple roots, the same techniques, aided by the strong bounds

on B(t) and will readily yield the asymptotic behavior. We leave

arrival at the precise results as exercises for the reader.

8. Periodic Coefficients. We have seen in Chap. 2 that the analogues

of the boundedness, stability, and asymptotic-behavior theorems for
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linear differential equations with almost-constant coefficients flow easily

from the representation theorem for solutions of linear equations with

periodic coefficients; in the same way we shall show now, using the same

weapon, that the analogue of Theorem 1 holds in the case where A(t)

is periodic.

Theorem 2. Consider the equation

(1)

^ = ^«)2+/(2)

where A {t) is a periodic matrix of period t.

I'he trivial solution z — 0 is stable provided that

(2) (a) Every solution of dy/dt = A{t)y approaches zero as t~~> ^
(b) f(z) is continuous in some region about 2=0
(c) 11/(2) ll/PII

-^•0 as Pll -»0

Proof. Let F be the solution of

(3) ^ = A(f)Y, F(0) = /

and let y be the solution of

(4) % = A{t)y, 2/(0) = z{0)

Then z satisfies the familiar integral equation

(5) z = y + Y{t)Y-^{h)f{z) dt.

Employing the representation theorem Y = P{t)e^^, (5) becomes

(6) 2 = 2/+ P(<)e««-‘->P(ix)->/(2) dh

The hypotheses of (2) imply that ||e^^|| —> 0 as > 00
,
and that

(7) j
*

||e^*»|| dti < 00

From (6) we derive

(8) II2II < ||2/||+cf p\e-^'-‘mm\\dh

and the proof now proceeds as in Sec. 4.

The device used in that section permits us to conclude that 2 —> 0 as

t —> 00 ,
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Exercise

Carry through the proof using the technique of Sec. 5 .

9. Counterexample to a Proposed General Stability Theorem. It

might be expected on the basis of previous results that for stability of

the trivial solution z = 0 oi sl system of nonlinear equations, it would be

sufficient to have the solutions of the linear approximation possess the

property of tending to zero as > oo. We shall show by an example

that no such general result can hold.

The solution of

( 1 )

is

^ = -ayi, 2/i(0) = Cl

^ = [(sin log t + cos log t) — 2o]i/2, 2/2(0) = cj

(2) 2/1 = cic'“‘

y 2 =

which approaches zero as ^ oo for a >
On the other hand the solution of the nonlinear system

(3)
~ == —azi, 2i(0) = Cl

~ = (sin log t + cos log t — 2a)z2 + ^^2(0) = C2

is

(4) Zi =

^2 = e^BinloKt- 2ae

^^2 + cf
Bin log

which, we we shall show, approaches zero as ^ » 00 only if Ci = 0
,
pro-

vided that we choose 1 + e~^^^ > 2a > 1 . Therefore, choosing ||2:(0)||

sufficiently small does not suffice to have the solution of the nonlinear

equation also approach zero. Furthermore, we shall show that the solu-

tion is actually unbounded as ^ > 00 . We have

rt rte -

(5) / ^
> exp

^

= — e~'^) exp (te~^^^)

for ( = e(2n-hyj)T^ Thus at this point,

(0)
g/8inlog-2at g-fi8inlog«i ^ ^Xp [(1 + — 2a) t]

Consequently, ;22
—> 0 as ^ <» only if Ci = 0 .
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10. Instability. We have seen in the previous sections that 2: = 0 is

a stable solution of

(1) j^
= Az + f{z)

provided that we have imposed the proper conditions upon A and f{z).

Let us show by a simple example that some restriction on the magnitude

of ||2:(0)|| is necessary to ensure the boundedness of the solution, even

when the characteristic roots of A have negative real parts and when the

nonlinear terms satisfy the usual conditions. Consider

(2) ^ == a > I

whose solution is given by

(3)
a

a — (a — \)e*'

As log (a/a — l)y u evidently becomes unbounded.

Conversely, a positive characteristic root does not necessitate un-

bounded solutions. For example, if

(4)
du

~dt

— u -- 0 < u{0) < 00

we see that w —> 1 as i —> 00

.

We can state the following result:

Theorem 3. If

(5) (a) A possesses at least one characteristic root

7 with positive real part

W \\f(z)\\/\\4

0

as \\z\\

0

u-0

Fio. 1.

then z — 0 is unstable.

Proof. We use a method of Sec. 5. Let T be a transformation such

that

TXi hi2 • • • bin)

I
0 X 2 • • • b2n\

(6) T-^AT =

0 0 • •
• XnJ

where \bij\ < e, € being a positive quantity to be prescribed. Let z — Tx.

Then
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(7)
dxi

It
== \iXi + bi2X2 + • *

* + binXn +
dX2

It
X2X2 + • •

• + b2nXn + Q'iix)

^ = X„x„ + Unix)

Since the order in which we take the characteristic roots is immaterial,

let us assume that Re (Xi) > 0, . . . ,
Re (X*) > 0, where fc > 1. Mul-

tiplying the fcth equation by Xk if \k has a positive real part, and by — x*

if it has a nonpositive real part, we obtain, using the condition

THT
"

as
1 |

2;|| 0,

(8) ^ (|a:i|* + |a;2|2 + • •
• + \xk\^ - \xk+i\^

- ... - |a;„|2)

= Re (Xi)|a;i|^ + Re (X 2)|a:2 |^ + * *
' + Re (Xik)|xA:|^

- Re (Xfc+i)|xjfc4.i|2
- • • • - Re (Xn)|a:n|2 -!>•••

where the additional terms are of smaller order of magnitude.

Again we argue by contradiction. If the trivial solution is stable, by

choosing ||a;(0)|| sufficiently small we can ensure l|a:|l < e for ^ > 0.

From (8) we then conclude that

(9) (|a:i|* + • •
• + \xk\^ - \xk+i\‘‘

- • • • - |x„|2)

> Ci(|xip + IXzl® + •
• + \XkY)

> Ci(jxi|2 + • •
• + \Xk\^ - \Xk+i\'^

- ... — |a;„|2)

with Cl > 0, and thus

(10) |a:i|2 + • •
• + - |a;.^i|2

- • • • ~ |a:n|2

> + • •
• + \xkm^ - \xk+im^ - . . . ~ \xnm^)e^^^

If we now choose

|

a; i (0)|2 + • •
• + \xkm^ - K+ i(0)|2

^ ^ |^^(0)|2 > 0

we see that (10) contradicts the inequality l|a;l| < e for t sufficiently

large.

11. Conditional Stability. Despite the negative character of the result

of the previous section, we shall show that if there are any characteristic
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roots of A with negative real parts, then the solution 2 = 0 possesses a

certain conditional stability.

Theorem 4. If

(1) (a) k of the characteristic roots of A have negative real parts
^
where

k < n
(b) ||/(z)||/|k|| -^0 as ||z|| 0

(c) Wfi^i)
—

/(22)||
< cillzi — Z2 II

for ||zi|| and l|z2 ||
< C2 ,

where Ci^ 0

as C2 0

there is a k-parameter family of solutions of

(2) ^ = ylz+/(z)

which approach zero as t—^ oo

.

Proof. Let y and Y have their previous connotation and consider the

integral equation

(3) z == y + Y{t - ti)fiz) dti

To obtain solutions of (3) which approach zero as > co, we must

somehow weed out the elements of Y{t) which do not tend to zero as

CO, To this end we consider the following decomposition

:

(4) F = Fi + 72

with Fi = and F2 = (vij), where yij — Uij + Vijy here u^j is the part

of yij which tends to zero as 00
,
and Vij is the remaining part, cor-

responding to the characteristic roots of A which have zero or positive

real parts. It is easy to see that

(5)
dYi
dt

= AFi
dt

= AY,

Using (4), (3) may be written

(6) z = 2/ + Fi(< - dh + F2(< - h)fiz) dt,

= 2/ + Y,{t - h)f{z) dh- p Y,{t - h)m dh

+ Yi{t - h)f{z) dh

At the moment, these operations are purely formal, since we do not

know whether the integrals from 0 to 00 and from i to 00 exist. If,

however, the last integral exists, it is a solution of dy/dt = Ay, We may
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then combine it with the first term to form a new and consider the

integral equation

(7) Z = y+ //
Fi(i - h)f{z) dh- \\{t - h)f{z) dk

To obtain a solution of (7), we employ the method of successive approxi-

mations. Reversing the operations above, we see that any solution of

(7) is a solution of the integral equation (3), with a different and con-

sequently is a solution of (2).

Choose the ^ in (7) to be any element of the A:-parameter family of

solutions of dij/dt = Ay which tend to zero as and let ||//(0)||

be a small constant whose precise magnitude will be specified sub-

sequently. Since ?/ —> 0 as ^ > oo
, ||7/1| < 036““* for i > 0 and for some

a > 0, and C3 can be made as small as desired by an appropriate choice

of ||2/(0)||. Furthermore, there exists an ai > a such that ||Fi(0|| <
and finally 11^2(011 ^ for some constant 6. We now proceed

by induction. Set

(8) zo = y

= y + Ylii — h)f(Zn) ^
— ti)f(Zn) dti

From the inequality for y, it follows that poll < Czc~^K Let us show

that pnll :< 2cze~^^ for n > 0. From (8),

(9 ) Ikn+l|| < Cze~^^ + 2C 3C4€ 2C3C6€

using the condition (16). If c is sufficiently small, we obtain pn+iH <
2cze~^K

00

The uniform convergence of ^ pn+i — Zn\\ now follows as in Sec. 6,

n—O

and the rengiainder of the proof proceeds similarly.

12. A Particular Case of Zero Characteristic Roots. Any discussion of

the case where A has characteristic roots with zero real parts is extremely

difficult, and for that reason we shall not go into it here. There arc,

however, a few special cases where the behavior of the solutions as

f ^ 00 may be determined. One is the following:

Theorem 6. Consider the differential equation

(1) ^ = ylg + /(«,«)

where

(2) (a) All solutions of dy/dt = Ay are bounded

(6) 11/(2,OII/PII < Cig(t) for ||2|| < C2 ,
where j“ g(J) dt < ca
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Under these conditionSy z = 0 is a stable solution.

We leave the proof as an exercise.

13. Difference Equations. It is possible to extend many of the results

of this chapter and of previous chapters to difference equations of the

form

(1) z{t + /i) = Az{t) + f(z(t)), t = 0, hy 2hy .. .

The method used to establish these analogues is abstractly equivalent

to that used for differential equations. Consequently, we shall present

the various steps as exercises.

Exercises

1 . What is a necessary and sufficient condition that all solutions of

y{t A- h) — Ay{t) approach zero as ^ » oo ?

2. Find the formula expressing the solutions of z{t + A) = Az{t) + w{t)

in terms of the solution of y{t + h) = Ay{t)y that is, the analogue of

Theorem 3 of Chap. 1.

3. Find the nonlinear sum equation equivalent to (1). Use this equa-

tion to prove the analogue of Theorem 1

.

4. Use this result to prove Theorem 1, by means of a limiting process.
00

6. Show that, if ^ l|i?(n/i)|| < oo and if all solutions of

y{t + h) == Ay(t)

lire bounded, then all solutions of z{t + h) = (A + B{t))z{t) are bounded.

Note: In the above exercises t takes on only the values ^ = 0, /i,

2hy ,
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CHAPTER 5

THE ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS
OF SOME NONLINEAR EQUATIONS OF THE FIRST ORDER

1. Introduction. In this chapter we shall consider the question of the

asymptotic behavior of solutions of polynomial equations of the type

(1) P(t,u,u') = = 0

with IjiUjU > 0 and Z + m + < A, with emphasis upon the important

particular case

(2) u = PM
Q{u,t)

where P and Q are polynomials.

In addition, some corresponding results for the equation

(3 )

will be indicat.ed. Since the results and methods of proof for this second

case are very similar to those for (2), but very much more detailed, we
shall content ourselves with stating the results and omitting the proofs.

The general problem of existence, continuation, and analytic nature

of the solutions of (1) and (2) is one to which the theory of functions of a

complex variable has been applied with some success. Nevertheless,

there exists at the present time no general theory of the real solutions of

real differential equations, and the problem remains one of great difficulty.

To avoid the inherent difficulties, we make a simplifying restriction which

enables us to treat many interesting and important cases. We shall

study only those solutions of (1) which exist for all sufficiently large t.

This focusing of the spotlight of our attention results in a compensating

illumination of the subject.

2. Upper Bounds for the Solutions of P{t,UyU') == 0. We shall call a

solution of (1) of Sec. 1 a proper solution if it exists and if it has a con-

tinuous derivative for t > to. Henceforth we shall confine ourselves to

the study of proper solutions and so, for convenience, shall occasionally

drop the adjective.

We begin with the question of upper bounds and demonstrate
94
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Theorem 1. If u(t) is a proper solution of P{t,u^u') = 0, there exists a

constant k for which

( 1 ) 1^1 < exp ^ ^ ^ ^0

If m is the exponent of the highest power of t appearing in P{i^u,u^)y then k

may he chosen tohe m e for any € > 0.

Proof. The proof will be by contradiction. If the result is false, one

of the following must occur:

(2) (a) = exp {t^+^/k + 1) has roots as large as desired

(6) For some > U, |t6l > exp (t^-^^/k + 1) for t > h

W{t)

Let us first show that case (2a) leads to a contradiction. Let <2 ,

. . . , ^n, . . . ,
taken in increasing order, with > oo

,
be the roots of

u{t) = w{t), where we shall set w{t) ^ exp {t^-^^/k +1). It is sufficient

to consider this case, since the case where —u{i) — w has infinitely

many roots may be transformed

into the first by the transformation

Assume first that there are an

infinity of consecutive roots occur-

ring as consequences of intersections

of u{t) and w(t) of the type shown
in Fig. 1. At tn, u' > w' = i^w — t^u;

while at ^n+i, < t^u. Hence there

is a point Sn in between, tn < Sn < ^n+i, at which iF = t^u.

Define a principle term T — Pvl(u'y of P{tjU,n') by means of the

inequalities

L+ l ^n-f2

Fir,. 1.

'n +3

(3) (a) ^ + c > 5i + Cl

(b) If 6 + c = 6i + Cl, then c > Ci

(c) If 6 + c = 6i + Cl and if c = Ci, then a > ai

Clearly, there is only one principal term.

Now consider the ratio R of any other term in P{tyU,a') to the prin-

cipal term at the point Sn. We have

(4) \R\ =
— yn—o-j-A;(ci—c)-j^6i+ci—(6+c)

since u' = Pu. If 6 + c > &i + Ci, then |i?| —> 0 as ^ > oo through the

sequence Sn, since u > exp (P'^^/k + 1), which contradicts the existence

of the equation P{tyUjU') =0. If 6 + c = 5i + Ci and if c > Ci, then

c — Cl > 1, and from the choice of k, we again see that lim |/2| = 0
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as i » 00 . Finally if 5 = 6i and if c = Ci, then a > ai, and lim
|/2l

= 0

once more.

Jf the intersections are not as pictured in Fig. 1, there must be an

infinity of double roots of ii{t) — w{t) = 0, at which points u' = ly',

and the same contradiction is reached.

This disposes of case (2tt), and we turn to case (26). It is again

sutheient to consider u > w{t). For i> t\'> ^o, one of the two inequali-

ties, u' — (w'li/w) > 0 or u' — {w'u/w) < 0, must be valid, for

,
w'u

u =
w

infinitely often leads to the same contradiction as above.

If w' — (w'u/w) < 0 for t > tiy we set p(t) — u' — (w'u/w) and obtain,

upon integrating,

(5) ««) " »(1) [», + [
By assumption p(t) is negative for t > ti. Since u > w > Oj the

integral lp(ti)/u)(ti)] dti must converge; otherwise, from (5), u would

be eventually negative. Consequently there are infinitely many t for

which \p(t)/w(t)\ < €, for any € > 0. At these points, we have

(6) \u^ — t^u\ < ew < €U

Consider the expression for lfi| given in (4). If Ci > c, we use the

fact that u' < uw'/w = t^u and obtain

1 2^1
^av-a+k(cv—c) ybi+ci—ib+c)

As before, it follows that lim |72| = 0. If Ci < c, we use the inequality
t—* 00

in (6), u' — tHi > —m or u' > (t^ — €)u for infinitely many points.

At these points,

(8) 1^1 ^

and the proof proceeds along the same lines.

This leaves the subcase u > w, u' > t^u^ for t > h. Once again,

consider the ratio

(9) [ff| ==

If c > Cl, \R\ < t^^~^u^^~^(i^uy^~'^. Considering the various cases b + c >
6i + Cl, 6 + c = 6i + Cl, c > Cl, 6 = 6i, c = Ci, a > ai, we see that

|i?| —

>

0 as t —> 00
.

To treat the case where c < Ci, we require the following:
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Lemma 1. If u—^ ^
^
and if w' > 0 as ^

,
then n! < for

t > h for any € > 0, except perhaps in a set of intervals offinite total length

which depends upon e.

Proof. Let {tn, rj be the nth interval in which u' > Then

(10) L_1 ^ Tfi tn

00

whence it follows that ^ (rn — tn) < ^ •

n == 1

Now choose t to be a point outside these intervals. Then

( 11 ) 1 72

1

^ l^H-ayhi-by^(ci-c)(l^e) ^ai—a^^bi+ci—(&+c) +e(f 1—c)

If 6i + Cl < 6 + c, then 1/2|
—> 0 as t—^ oo^ provided that e is chosen

small enough. If 6i + Ci = 6 + c, we must have c > Ci, which is the

previous case.

This concludes the proof of Theorem 1. After a thorough discussion

of u' = P{Uft)/Q{Ujt)j we shall return to P{tyU^u') = 0 and obtain a

much more precise result, using the methods developed treating the

more special equation,

3. Counterexample. One might suspect that the methods used in the

proof of Theorem 1 could be utilized to obtain corresponding bounds

for the solutions of equations of the form P{tyUyU^yu") = 0, and so on.

We shall show by a simple counterexample that no such general bound

can exist for second-order polynomial equations.

Theorem 2. Let ^{t) be an arbitrary monotone increasing function oft.

There exists an irrational number a such that the function

(1) u{t) = ^ 12 — cos t — cos at

which is real and continuous for all t and satisfies an equation of the form

P{tyUyU'yU") == 0, satisfies the inequality lim u(t)/<l>{t) > 1.
00

Proof. Choose a as follows: Let (d„) be a sequence of positive integers

greater than one for which

(2) dr > 47r</>(27rgr-i), r = 2, 3, . . . , gr = did2 . . . dr, r > 1, go =» 1

and set

r«i

(3)
a
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We see that

Pn an integer

(5) Qn+i > 47r/7n0(27rr/n)

gn-h2 > ^Tqn+i(t>{2Trqn+i) > ^Tqn^i > (47r) V</>(27rgn)

whence ^n-l-r > (47r)’‘gn</>(27r(/n). Thus

Vn
a — “ =

Qn

00

y i< >

Zv (It 27rg„<3!>(<#>(2’r?n)

If a were rational and were equal to a/b, with a and b integers, we would

have

(ns 0 <- - - ^ =
~

< ^

^ b qn bqn ~ 2Trq„<t>(2Trqn)

1 < «<7n - bpn <

Tilis is a contradiction, since <#>(27r^n) —> oo as n oo . Hence a is

irrational. This implies that 2 — cos t — cos at is never zero and that

u{t) is continuous for all t.

For n sufficiently large

(0) cos 2Traqn = cos

Using (6), we see that

1 — cos 2'K(Xqn <
</>(27rgn)

Hence

(11) n(2Trqn) = ^

o =
i

' " ^
o > <t>(!^'^qn)

2 — cos 2wqn — cos Zwaqn 1 — cos liraqn

To show that u satisfies a second-order polynomial ccpiation, we con-

sider the three equations

(12) y = 2 — cos t — cos at

v' = sin t a sin at

y" = cos i ap- cos at
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Eliminating cos t, cos at, sin t, and sin at from these equations and from
the two identities cos^ t + sin^ ^ = 1, cos^ at + sin^ = 1, we obtain

a polynomial equation in v, v\ and y". The substitution v == 1/u yields

the required equation in ti,

4. The Solutions of = P(iiit)/(Q(u,t). In this section, we discuss

some properties of the solutions of the first-order equation

n'l ~ =
^ dt Q{u,t)

where P and Q are polynomials.

Lemma 2. Every solution of (1) which is continuous for t > to is

ultimately strictly monotonic.

Proof. It is necessary to prove that w' cannot vanish for a series of

t values whose limit is oo
,
unless w ^ c is a solution. The proof will be

by contradiction. Let u' vanish at the points of the sequence

oo
. Then u{i) and the curve defined by P(u,t) = 0 intersect at

these points. Since P is a polynomial in u and t, the algebraic curve

defined by P = 0 possesses only a finite number of branches, and con-

secpiently u intersects one of these branches infinitely often.

P = 0 and Q = 0 possess only a finite number of common roots,

assuming, as we clearly may, that P and Q have no common factor.

Consequently, for t > t\, we may suppose that Q{u,t) possesses constant

sign in the immediate neighborhood of a root iio of P{u,t) = 0.

The branches of P(u,t) = 0 which extend to infinity as ^ > oo consist

of curves of the form

(2) (a) u = c, or

(6) u = 4> (0

along whichm is ultimately monotonic.

Let us examine curves of type (26) first and show that a solution u

of (1) cannot intersect any of these infinitely often. For t sufficiently

large, the points of intersection cannot be maxima or minima and there-

fore must be points of inflection. [This is most easily seen geometrically

by drawing a graph of the monotone curve v ~ <l>{t) and the solution

curve u.] But it is easy to see that, if a solution u of (1) and a branch of

P(u,t) = 0 intersect at two successive points of inflection for u, they

must also intersect at another point between these two. At this point,

the slope of the solution is not zero, which contradicts the differential

equation. We do not insist on filling in the rigorous details here, since we
shall prove more below using a more powerful and systematic technique.

Turning to curves of type (2a), let us consider the possible intersection

of u = u(t), a solution of (1), and u ~ c. These intersections again

must be points of inflection of u{t) and have one of the four forms shown
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in Fig. 2. We can eliminate the forms of Fig. 2a and b immediately,

since a'(0 changes sign as it passes through a point of inflection, but

P(Ujt)/Q{Ujt) does not change sign in the neighborhood of a = c if

u < c or u > c. If the forms of Fig. 2c and d occur, they occur only a

finite number of times, for u can return to intersect u = c only by inter-

secting one of the finite number of branches of P{u,t) = 0, a curve of the

type u = or a straight line a = Ci in an intersection of type (2a)

or (26). This completes the proof of the lemma.

Fig. 2.

We now prove a stronger result, using a less elementary method.

Lemma 3. If u is a solution of (1), continuous for t > ^o, then any

rational function of u and ty H{u,t) = K{Uyt)/L{u,t) is ultimately strictly

monotonic
y
unless L = 0 contains a solution of (1) or unless H is constant

along a solution of (1).

Proof. We have

dll ^ dH dH PjUyt) _ Tjuyt)
^ '

dt dt du QiUyt) sluyt)

If dH/dt is not of constant sign as <--> it either vanishes infinitely

often or becomes infinite infinitely often as ^ > oo
,
a traversing the curve

u = u{t)y a solution to (1). Take first the case where it vanishes infi-

nitely often and where consequently one branch of T{Ujt) == 0 has an

infinite number of intersections with u{t). For t > tiy this branch has

an expansion of the form

(4) u = aot^^ + ait^^ + • •
•

, Co > Cl > • *
•

,
ao 0

At the intersection with the solution

<•’) a -
<*•>*>

replacing u by the series in (4). Along the branch of T{Uyt) given by (4)^

(6) ^ ^ ~ aoCot^^-^ + aiCit^^-^ + • • •

From the forms of R and Sy we see that there are now three possibilities

for large t: R > Sy R < Sy or R == S. The two inequalities hold if R
and S are the slopes at the points at successive points of intersection,

as one easily sees geometrically. If, on the other hand, JS = aS for
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infinitely many i as > oo, we must have bo = aoCo, bi = aiCi, . . . ,

do = Co — 1, di = Cl — 1, and so on, whence finally R ^ S, This means
that T(Uyt) = 0 along a solution u(t) of (1). Consequently, dH/dt = 0

along Uj and H is constant along u{t).

The case where dH/dt becomes infinite infinitely often requires that

L{Ujt) = 0 infinitely often along u = u(t)y since

, . dll _ L dK/dt - K dL/dt
^ ^ dt

This, as above, requires that L = 0 along u = u{t).

From the above it follows that any rational function of ty Uy u'y , . .

is ultimately strictly monotonic, apart from the trivial exceptions men-

tioned above.

6. Asymptotic Behavior of Solutions of u' = P(uyt)/Q(uyt), We are

now able to prove the following remarkable result:

Theorem 3. Any solution of the equation

^ P(Uyt)
^

^ dt Q{Uyt)

continuous for t > Uy is ultimately monotonic
y
together with all its dcriva--

lives
y
and satisfies one or the other of the relations

(2) u at^e^^^\ u ^ a^^(log tf^^

where P(t) is a polynomial in t and c is an integer.

Proof. Consider Q{Uyt)u' — P{Uyt) = 0, the terms of which are of the

form ait^u'^y or bxt^W^u'

.

Since all rational functions in u, u'

y

and t are

ultimately monotonic, the ratio of any two such terms approaches a limit

as if
00 . This limit may be ± oo

, 0, or a nonzero constant, but there

must be one quotient of two terms which approaches a nonzero constant.

If one of the two terms contains u', but not the other, we obtain

(3) u'uH^ Cl

If both or neither contain u'y the result is

(4) u

where p/g is a rational fraction.

The first case presents different results according to the subcases:

(5) (a) n 5^ — 1, m 7*^ +1
(6) n = —1, m +1
(c) n = — 1, m = +1
(d) n 9^ —1, m = +1
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Corresponding to the various cases in (5) we have the respective

asymptotic behaviors:

(6) (a)
n + 1

(6) log u

(c) log u ^

Cl

ll-n

I — m

m

+ di

+ di

id)
n + I

Cl log t

^ Cl log t

Cases (Oa) and (6d) are in the form stated by the theorem; cases (G?;)

and (6c) are not, and a further discussion is required. We use the

method we have previously applied to derive more precise results, namely,

substitute the crude result in the differential equation, and use the equa-

tion again. Let us consider case (6b) first.

We write the eciuation in the form

du Ho'fT -j-
“f"

’ '
' P

r

~dl

~(7)
^ + ’ *

* 4" Qs

where Pk and Qi are polynomials in t. We may take 1 — m as positive,

since if it is negative, u ^ 1. Tfl— m>0 and if Ci > 0, we see that in

(7) r = s + 1. Hence dividing through by u% we obtain

(8)

for some a, or

(9)

dV/ P0
I jy X ,-v

I ^
di

- + + 0
(0

du/dt _ Po

~u, C>o

for large t. Integrating,

(10) log M = P{t) + Cs log t + 0

The case Ci < 0 may be treated by replacing u by 1/a in the original

ecpiatioii.

We turn now to the last case, case (6c), which requires the considera-

tion of a great many subcases. There are two terms, ai^u^u' and

of equal order. Further we may assume that there is no other term of

equal order, since the contrary assumption yields the relation u ~ C4i5®'.

If T is any third term, the quotient

(athUu' — dt^~^u^'^^)

(11)

tends to a limit as t

T

00
. There are now two possibilities:
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() There is a third term whose order is equal to that of the difference

between the two principal terms

() There is no such third term

Let us consider the first possibility. In this case we have a relation

either of the form

( 12) at^u^u' — et^u^

or of the form

(13) at^u^u^ — ^ ct^'u^u'

Take the case (12) first. From (6c) we obtain the crude result u ==

where € = €(0—^0 as > oo, and where Ci = d/a. Set u =
Substituting, (12) becomes

p fA

(14) — i ®
^ ' a

Recalling that log u {d \og i)/

a

implies that log v = O(log t) as

^ > 00
j
we see by an enumeration of cases that IJ has one or the other

of the forms in (2).

The case where (13) holds and the case where possibility (6) holds

we leave as exercises for the reader.

6. A Sharpening of Theorem 1. We are now able to prove a much
sharper form of Theorem 1, namely,

Theorem 4. Let u be any solution of the polynomial equation

P(t,u,u') = 0

continuous for t > to. Then either

(1) u = oQ}*)

for some h, or

(2) u = exp [at^(l + c(0)]

where a and b are fixed constants and €{t) 0 as t-~> co

.

All solutions of the latter class are monotonic, together with all their

derivatives.

Proof. Let us assume that no constant b exists for which u = o{ty).

Then, however large Ave choose b, it is possible to find values of t such that

u > fi. Choose an increasing sequence 6^ —> oo
,
and a sequence L such

that

(3) u(f„) > tl'
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Let us now construct a curve u = passing through

the points {U, and possessing the following properties:

(a) h'{t) is positive and continuous

(b) h{t)/t^ —> 0 as i --> oo for any c > 0

(c) —> 0 for any c > 0

This can always be done by taking hv = v and choosing the points tv

sufficiently far apart. In terms of <^(0, we have, for any c > 0,

(4) ^0' —> 00
,

0

We shall now show that the statement ii(t) > for a solution of

P{t,UyU') = 0 for infinitely many ^ implies that the inequality holds

for all t. The proof is by contradiction.

If the inequality does not hold for all

t > toy there are infinitely many intersec-

tions of the two curves n = u(t) and

u — as in Fig. 3. The argument

is considerably simplified if there are an

infinity of points of contact, so there is

Fio. 3. no loss of generality in considering the

above situation.

As in previous discussions in Sec. 2, we see that there is a point between

P and Q for which

(5) = 4>'Uy u >

u here representing the solution curve. Using the concept of ^'principal

term” in P(tyUyU') developed above, we readily obtain a contradiction,

combining (4) and (5). Consequently, the inequality u > must hold

for all sufficiently large L

In this case any expression of the type H = Pu^(u'y, with c 9^ 0, is

ultimately monotonic. To show this, eliminate between t^u^(u'y = H
and the relation P(tyUyU') = 0.

The result is F{tyU,H) = 0. From this we obtain, upon differentiation,

(6) dt'^ du'^ dli (it
^

If dH/dt = 0, we must have dF/dt + {dF/du)u' = 0. Substituting

this value for u' in P(tyUyU') = 0, we obtain a polynomial relation between
Uy ty and H, Eliminating H between this relation and F(tyUyH) = 0, the

resulting relation is a polynomial equation between u and t. This, how-
ever, is a contradiction of the property u > for t > U.

Now choose two terms of equal order, as i —> 00
^
in P{tyUyU')

:

Ti =
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and T2 = Since u > Ci cannot equal C 2 ;
for if Ci should

equal C2 ,
the relation T 1/T2 d as ^ > 00 would imply u ^ which

contradicts u > The relation T1/T2 d then takes the form

(7) C4 7^ 0

and the relation u > forces a to be —1. From this, integration

yields

(8) u == exp lcsi^(l + 6(0)]

where c(0 —> 0 for t—^co. More precise asymptotic expressions for u
may now be obtained using the type of argument presented in Sec. 5.

7. Some Results Concerning u" = R(u,t)/Q(ujt), As we know from

the counterexample given in Sec. 3, any general theory of the asymptotic

behavior of proper solutions of polynomial equations of the form

P{tyU,u\u") = 0

will be extremely difficult. If, however, we restrict our attention to the

important class of equations having the form

( 1 )
Q{Uyt)

where P and Q are polynomials, we can obtain some interesting results.

The proofs of these results employ the same techniques as above, and

for this reason we shall leave them as exercises.

Exercises

1 . If w is a proper solution of (1), then either there exists a constant k

such that u = 0(^^), or there exist two constants a and 6 such that

u = exp where € = €(0 —> 0 as f —> 00
.

2 . If u" = P{u,t)y where P is a polynomial of degree greater than one,

then u — 0{t^) for some A; if w is a proper solution.

3. If w is a proper solution of (1), then u = 0{P) if the degree of P
in u does not exceed the degree of Q in u by unity.

4 . If w is a solution of (1) with the property that any rational function

of u'y Uy and i is ultimately monotonic, then as ^ > 00
,

has one of the

following forms:

(a) exp [(a + (6) exp [(a + e){t^ log ty^^]

(c) exp [(a + e)^^] (d) exp [(a + c)(log

(e) a(loglog0^^ (/) a(log 0^(log log

({/) a(log ty (h) exp [(a + €)(log

where, whenever e appears, it is understood to be a function of ty which

approaches zero as < —> 00
,
and where p and q are integers, a and b are

real numbers, and p(t) in (a) is a polynomial.
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CHAPTER 6

THE SECOND-ORDER LINEAR DIFFERENTIAL EQUATION

1. Introduction. We now turn our attention to the second-order linear

differential equation

(1 ) + =

Since it is virtually impossible to present a complete account of all that

is known concerning the properties of the solutions of the above equation,

we have rather attempted to present a cross section of theorems and
techniques in such a fashion that the reader will have little difficulty in

following original papers or in deriving new results.

Although some of the results we state below are special cases of general

theorems valid for linear equations of any order, the results for the most
part depend very strongly upon the particularly simple form of (1).

Even where this duplication exists, we shall not hesitate to present a

proof applicable only to (1) if it illustrates an important and useful

technique.

The physical importance of equations of the above class can hardly

be overestimated, and this accounts for the vast amount of research

connected with (1). Mathematically, the equation presents a continual

challenge to the skill of the analyst to extract as many properties of the

solution as possible without the luxury of an explicit representation for u
in terms of the coefficients k and I,

We shall begin our discussion with some preliminary lemmas required

in what follows. Then we shall turn to the questions of boundedness,

oscillation, and asymptotic behavior of the solutions.

2. Some Lemmas. In this section we gather together some results

we shall call upon repeatedly below. Lemma 1 has already been stated

and proved in Chap. 2, and Lemma 2 is a particularization of Theorem 3

of Chap. 1.

Lemma 1. Let ii,v > 0, Ci > 0, and u satisfy the inequality

u < Cl + uv dt,

107

( 1 ) t > 0
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Then

STABILITY THEORY OF DIFFERENTIAL EQUATIONS

(2) u < Cl exp di^

Lemma 2, Let Ui and U 2 be two linearly independent solutions of

(3) u" — a{t)u = 0

for which the Wronskian

(4)

for all t.

(5)

w == 1
Ui U2

I

Ui ^2
I

Then the general solution of the inhomogeneous equation

w" — a(t)u = w{t)

is given by

(6) u = CiUi + C 2U2 + [ui{t)u2 {ti) — Ui{ti)u2 {t)]w{ti) dti

where Ci and C 2 are constants determined by the initial conditions.

Lemma 3. If ui is a solution of (3), then

(7)

is another, linearly independent, solution.

Proof. The result may be obtained by the standard variation~of-

parameters method, letting U2 = UiV, or by observing that for any two

solutions of (3), Ui and U2 ,
we have (compare Theorem 2, Chap. 1)

U2
n dt

(8)

Ui U2

u[ U2

Cl

This equation is a first-order equation for U2 ,
which may be solved easily

to yield (7).

3. Some Useful Transformations. In this section, we consider some
changes of independent and dependent variable which will be of great

service in obtaining properties of the solutions and in reducing the number
of distinct types of equations.

Let us begin by demonstrating two methods by means of which

may be reduced to the simpler form
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The first method depends upon a change of independent variable and

assumes that k{t) is eventually positive and that

/Qx f" dt _
J W)~"

For this case, set s = dt/k{t). Equation (1) becomes

(4) g + kmt)u = 0

where k(t)l(t) is now a function of s. As < ,
s —» <»

.

The second method depends upon a change of dependent variable.

Write (1) in its full expansion as

(5) u" +
k'(t)

k{t)
u ,

l(t) = 0

We now wish to transform (5) into an equation lacking a middle term.

That this may always be accomplished is the substance of the following:

Lemma 4. The s2ibstitution

(6) M = t>exp (-1^ joVdi)

transforms

(7) u" + + q{t)u = 0

into

(8) V” -v{q-\v' = 0

An important feature of this transformation is that, provided

is finite for finite the zeros of v are the same as the zeros of u.

Applying Lemma 4 to (5), the substitution v = u \^k{t) yields

4- r ^(0 1 d {k'\ {k'/ky] .

an equation of type (2).

We now wish to reduce (2) to a form which in many cases is easier to

treat.

Lemma 6 (The Liouville Transformation). The change of variable

s =(10)
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transforms

(11) ± a\t)u = 0

into

( 12)
d^u

,
a'(t) du

, n

Using Lemma 4 and letting

(13) „ =

the resultant equation for v is

(14) V = 0

In many cases, first-order equations are easier to discuss than second-

order equations. In general, we can always reduce an nth-order linear

differential equation to an (n — l)st-order nonlinear differential equation

by means of the transformation u'/u = v. In the case n = 2, the result

is particularly simple.

Lemma 6. The substitution

(15) u = exp V dt

transforms (2) into

(16) v' + + a(t) = 0

Equations of type (16) are called Riccati equations. It is easy to

see that (15) establishes a connection between the general second-order

equation

(17) n" + p{t)u' H- q{i)u = 0

and the general Riccati equation

(18) n' = a{t)u'^ + b(t)u -f c{t)

Exercise

Find the second-order linear equation equivalent to (18).

It should be pointed out that, in all cases where these changes of

variable are employed, care must be exercised in verifying the one-to-one

nature of the transformation.
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Finally we note that any second-order equation

(19) ii" + v{t)u' + q{t)u = 0

is equivalent to a second-order system, namely,

(20) u' = y

y' = -‘p(t)v — q{t)u

It is sometimes convenient to introduce polar coordinates in place of

cartesian. Taking the general second-order system

(21) ti' = aix{t)u + an{t)v

y' = a2i{t)u -f- a22.{l)v

we may state

Lemma 7. The change of variable

(22) u = p cos 0

V = p sm e, p > 0

transforms (21) into

(23) O' = ~ ^ + i r(0 cos (20 +

^
1,(0 sin (20 + ^)

where

(24) r = (ait “ ^22)^ + (^12 + a2i)^

,
U21 + C^J 2

yp = —

-

r

4. Boundedness Theorems. Having disposed of these preliminaries,

let us now turn to the problem of determining when all solutions of a given

equation are bounded as ^ > oo . We begin by considering the equation

( 1 )
tt" + (a^ + (t>{())u = 0

where <^>(0 0 as ^ > oo
. Without loss of generality, we may assume

that a = 1.

The question naturally arises as to the connection between the solu-

tions of (1) and those of the easily soluble equation

(2) u — 0

We shall show that in most ** ordinary^' cases, there is a close cor-

respondence, but that the condition <j>{t) —» 0 as ^ > oo is by no means

sufficient to ensure the boundedness of all solutions of (1).
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Our first result is

Theorem 1. All solutions of

(3) u" + (1 + 0(0 + m)u = 0

are bounded^ provided that

(4) (a) j” |<A(0I dt < <^

Q>) j
*

1 ,
^(t) 0 as t—* 00

Proof. We show first that the equation

(5) u" + (1 + H^))u = 0

has all solutions bounded provided that (46) is fulfilled. From (5),

multiplying by u' and integrating between 0 and ty we obtain

(6) ^ fo
~

Integrating by parts, this yields

7/'2 4/2 I

(7) T + T + T 2 jo

Take t large enough so that 1 + 0(0 ^ }'i- Then for t > toy

(8) < 4|c,| + 2 Jj
|^'(<x)1m* dti = cz + 2f' W{k)\u^ dh

Applying Lemma I, the result is, for t > toy

(9) < C3 exp ^2 dt^ < c-i exp ^2 dt^

Hence u is bounded. To finish the proof, we must demonstrate the

following

:

Theorem 2. If all solutions of

(10) u" + a{t)u = 0

are boundedy then all solutions of

(11) w" + (a(0 + b{t))u = 0

are also hounded, if

(12) j
“

\b(,t)\ dt < 00

This, however, is a particular case of Theorem 6 of Chap. 2, as we
see upon transforming (11) into a system.
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Exercise

Use Lemma 7 to show that all solutions of u'^ + (1 + /(O)^ = 0

bounded if
j \Kt)\ dt < qo.

6. A Counterexample. We now show by an example how close Theo-

rem 1 is to being best possible in one sense.

Theorem 3. If, as oo,

(1) g(t) 0, g'(t) -> 0

then

(2) u = q(s) cos s
j
cos t

is a solution of the equation

(3) u" + (1 + <l>(t))u = 0

where

(4) = 3^(0 sin t — g'{t) cos t — g^{t) cos^ t

approaches zero as oo

.

Choosing g{t) = (cos t)/t, we see that we obtain unbounded solutions,

although 0(0 and <t>'{t) are both 0(1/0 as

6. -w" + a{t)u = 0, a(0 —> «> . In the previous sections we have exam-
ined the case where a(0 —> 0 as ^ > oo . Here we consider the case

where a(0 ^

.

Theorem 4. If a(0 —> ^ monotonically, all solutions of

(1) u" + a{t)u = 0

are hounded as t—^ oo

.

Proof. We have

(2) u'u" + a{t)uu' = 0

Integrating between 0 and t, and then by parts,

(3)

whence

-y + «(0 ~
/q Y

ait) Y < |ci| +(4)
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Applying Lemma 1,

(5 )

Consequently < 2lci|.

7. + a{t)n = 0, a(0 —> 0. We have considered the cases where

a(t) —> 7^ 0 and where a(t) —>00 as ^ 00. Let us now discuss the

case a(t) 0 as i 00 . Consideration of the equation

( 1 ) u" + 1 = 0

which has two linearly independent solutions of the form and

where ai and a 2 are the roots of — a + 1 = 0, shows that solutions

of equations of this type can be unbounded as ^ 00
. It is reasonable

to expect that, if a(t) —> 0 sufficiently rapidly as ^ 00
,
the solutions of

u" + a{i)u = 0 will approach those of == 0.

Theorem 6. Consider the equation

(2) + a{t)u = 0

where

(3) j
* t\a{t)

\

dt < CO

Then lim u' exists, and the general solution is asymptotic to do + dit as
t—*

»

t—^ CO
j
where di may be zero, or do may be zero, but not both simultaneously.

Proof- Write u" = —a{t)u. Integrating twice between 1 and t, we
obtain

(4) u ^ Cl + C 2t — (t — ii)a{ti)u{ti) dh

From this we obtain, for t > I,

(5) 1^1 < (\ci\ + \c 2 \)t + t la(^i)| \u{ti)
\
dh

or

(6) < \ci\ + IC2
I
+ ^i|a(^i)| ^-^~dti

Applying our fundamental lemma, we derive, for ^ > 1,

•y < (|cil + |c2|) exp iila(L)| dfij < Cs(7)
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Returning to (4), differentiation yields

(8) — C2 — a{ti)u(ti) dti

Since a{ti)u(ti) dti is majorized by

\a{ti)\ |w0i)| dti < C3 ti\a(ti)
\
dh

the infinite integral converges, and u' has a limit as oo

.

If this limit is not zero, we see that u dj, with di 5*^ 0, as t—> 00

.

Using the fact that v = u dt/u^ is another solution, we derive a

solution V which is asymptotic to 1 as ^ > 00

.

To ensure that this limit is not zero, we choose C2 = 1 and use as a

lower limit, instead of 1, a point /o, where h is chosen so that

1 — C3 f

^
/i|a(^i)| dti > 0

Jto

This theorem completes our preliminary discussion of the boundedness

of the solutions of u" + a(t)u ~ 0. In later sections we shall obtain

more precise results.

Exercises

1. What is the related result for d^u/dt'^ + a{t)u = 0?

2. Is there an analogous theorem for the vector equation

dy/dt = A{t)y

n-l

3. Show that, if d^u/dt^ + ^ Un-jtCO d^u/dt^ — 0 and if

X*
dt < ^

then lim d^~'^u/dt^~^ exists.

8. Z/2 Boundedness. In the previous sections we have been concerned

with the boundedness of the solutions of u" + a(t)u = 0, using the norm
l|tfc|| = lim \u\. In this section we consider a different norm, which is

0 <f< 00

of interest in connection with various problems of mathematical physics,

namely,

(1) M = (// MOI

If the norm is finite, we say that u belongs to L“(0, «), written u G
L*(0,oo).
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Theorem 6. If all the solutions of w" + a{t)u = 0 belong to L“(0, co),

then all the solutions of

(2) u" + (a(0 + h(t))u = 0

belong to L^CO, oo)^ if |6(^)| < Ci, ^ > 0.

Proof. Let Ui and U2 be two linearly independent solutions of

w" + a{t)u = 0

such that

(3)
Ml U2

mJ U2
= 1

for all t. Utilizing Lemma 2, any solution of (2) satisfies an integral

equation of the form

(4) u == C2U 1 + C3?^2 - [ui{t)u2 {ti) — ui{ti)ii 2 {t)]b{ti)u{ti) dti

From this we obtain

(5) \u\ < \c2
\ h^il + Icsl 1

^2
!

+ |M2(<i)I + iMl(<l)| |M2(<)|]|&(il)l \u{h)\(lli

We now require the following lemma (Cauchy-Schwarz inequality)

:

Lemma 8. For all f and g for which the right side exists, we have

(6)

Proof of Lemma. Since {u — vY >0, we have

(7) 2uv <

Set u P ^ integrate both sides of

(7) between a and b, and simplify.

Returning to (5), we have, applying the consequence of (u + vY ^
2(u^ + v^), that

(8) < 4 ^cluj + cjuj + [
^‘ (|mi(0I \u2 {ii)\

+ 1mi(<i)| |m2(0I)I?>(<i)I iw(<i)|

Using the inequality of (6) and then (u + «;)^ < 2(u^ + v^) on the last

integral, we obtain

(9) < 8 [c\u\ + clu\ + [mKO dh

+ wi(0 f ulih) dii]
[

b^ih)u\h) dii]}
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which, by hypothesis, simplifies to

(10) m’* < 8 + c|u| + Ciiul + m|) v,\ti) dt^

Integrating both sides between 0 and we derive

(11) dh < 8c| ul dh + 8c|
I*

111 dh

+ 8c4 (uf + w|) (^1^" u\ti) dt^ dh

< C5 + 8c4 + Mi) ll\h) C«2

Applying our principal inequality, this becomes

(12) dh < C6 exp j^8c4 (ill + ul) dt^

whence u G oo).

Exercises

1. Show, by comparing areas, that

UV < 7- V p'

for u and v > 0, where p > 1 and p' = p/(p
—

1).

2. (Holder^s inequality.) Use the above inequality to show that

Juvdt <

for u and y > 0, where p and p' are as above.

3. Show that, if all solutions of u" + a{t)u = 0 belong to L^(0, oo
) and

00
), then the same is true of the solutions of u" + {a{t) + b{t))u = 0,

provided that \h(t)\ < Ci for t > U,

4. Can all solutions of w" + a{t)u = 0 belong to L(0, oo) and be

bounded?
6. Show that, if all solutions of ?/' + a{t)u = 0 belong to L(0, oo) and

are bounded, the same is true of the solution of u" + {a{t) + h{t))u — 0

if Ht)\ < Cl for t > to.

9. Relations between ||n||, ||w'l|, and Let us now consider what

types of inequalities exist between the norms of various derivatives, con-

sidering only the two most common norms

(1) (a) ||m|| = ilin |m|

0 <<< 00

(b)
||
m

||
= u^diy^
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There has been a considerable amount of research on these equations,

and the method we present below is perhaps not the most efficient. It

is, however, interesting and applicable, equally, to many different types

of norms.

Theorem 7. Using either of the above norms, the boundedness of Ht^H

and |lt^"|| implies that of l|t4'l|.

Proof. Let \\u\\ and l|w"|| be finite and let f(t) be defined by the

equation

(2) u" - u = fit)

By hypothesis, then, \\fit)\\ is finite. Considering as a solution of the

second-order linear differential equation, u is given by

(3) u = cic* + C2e-* + ^
= ^Ci + Jq

^C2 — H ^

With reference to either norm, dti is convergent if ||/|| is

finite. Furthermore, it is easy to verify that e~^ dti has bounded

norm if |1/|| is finite. Hence, if u is to have bounded norm, it is necessary

that

(4) Cl + M dti = 0

Using this relation, Ave may write

(5) ^ ^ ~
^ jt ~ T io

whence

(6) ^ “ V X
So far we have not used any particular norm. We now use the norm

(la). Then

(7) Ill'll < \ ll/ll + |c,| + Ml! = ll/ll + |c.| ^ ||u"|| + Ikll + |c.|

From this it is clear that, if ||a|| and ||'a"|| are bounded, so also is ||a'||.

Furthermore, it follows from (6) that, if \u\ and |a"| —» 0 as oo, then

so also does \u'\,

A similar result may be obtained using the norm (16). This requires
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a bit more manipulation and is left as an exercise. More precise reason-

ing yields the inequality

(8) IIm'II* < 4||Mll|ltt"||

for both norms.

Exercise

Derive inequalities connecting and w for fc > Z > 1 .

10. Oscillatory Equations. In this section we consider the question

of determining when all solutions of

( 1 ) u" + — 0

have an infinite number of zeros in the interval
[0 ,

oo]. Equations whose

solutions possess this property are called oscillntorUy and the solutions are

also named oscillatory.

Taking our cue from the equation

(2) + 7n^u — 0

we prove first

Theorem 8. If all solutions of

(3) u" “b <l>(t)u = 0

are oscillatory and if

(4) m > m
then all solutions of

(5)
'

' v" + \f^(t)v = 0

are oscillatory.

Furthermore
y

the following converse holds: If yp{t) > 0 (Z) and some

solutions of (5) are nonoscillatory, then some solutions of (3) must be

nonoscillatory

,

Proof. We have

(6) uv" — vu'^ + (^(Z) — (t>{t))uv = 0

Let ti and Z2 be two successive zeros of u and assume that u > 0 between

ti and Z2. Integrate over [^1,^2], obtaining, since uv'^ — vu" is a perfect

derivative,

(7 ) {uv' — vu') f (^(0 ” (l>(t))uv dt = 0
ti Jti
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and hence

(8) u'{ti)v{ti) — — <i>{t))uvdt = 0

with u'{t^ > 0 and < 0. Consequently, it is impossible that any

solutions of (5) be positive in the interval [^ 1,^2], an even stronger result

than stated.

To carry over this result to the equation

(9) +

we require a more recondite identity, due to Picone, namely,

(10)

d

dt
'v — k^uv') = {<t>\

— + {kx —

+ ^2

2

where v is the solution of the related ecpiation with hz and <^2 . From this

we easily obtain

Theorem 9. If all solutions of

are oscillatory as ^ > 00 and if

( 12) <l>2 ^ <l>i

kz > ki > 0

then all solutions of

are oscillatory.

Fortified by these comparison theorems, so useful in the Sturm-

Liouville theory, we now seek some simple equations which are oscillatory.

The simplest is (2), from which we conclude that, if

(14) 0(0 > > 0

then all solutions of (3) are oscillatory. We shall give another proof

below, which contains a method that can be applied to more general

situations.

By means of a repeated change of variable, we can obtain some non-

trivial comparison equations from (2). We shall demonstrate
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Theorem 10. If

(15) -^(0 >(! + «)

or if

i + WiogH
+•••+(! + *) iF^Tog^ log? i

where r = 1, 2, . . . , for t > to and c > 0, then all solutions of (3) are

oscillatory.

Here

(16) logi (0 = log t

log2 (0 = log (log t)

logr (0 = log (logr-l t)

Proof. The proof follows by applying the substitutions

(17) t = e\ h = e's . . . ,

in turn to (2). We know that the solutions of (2) are oscillatory only

when > 0. Letting t = we obtain

Eliminating the term in d^i/dt by means of the substitution

(19)

we obtain

(20)

V

y/ii

dH

Therefore all the solutions of (20) are oscillatory, if > 0.

Let us now make the substitution ^2

(21)

e‘‘. The new equation is

‘53il
+

‘’a.
+ -i3F7r’""

Eliminating the term in dv/dt as above, we have

d^w
(22)

dtl
+ w /j_ ,

+ }4\
\4<| t\ log* <2 /

w 0

all of whose solutions are oscillatory. Continuing in this way, we obtain

the result stated above.
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The results are, in a sense, best possible, since each of the equations

(23) u" + ^,u = 0

and so on, is nonoscillatory, and actually, as we see by retracing our steps

to (2) with = 0, all solutions are eventually monotone.

If

(24) J |g(01 y < “

then we know from Theorem 5 that all solutions of

(25) u" + ^u=0
are nonoscillatory. Once again, then, we see that Theorem 2 is close to a

best possible result.

Let us now give another proof of the important and useful, albeit

simple, result that (14) is a sufficient condition for oscillatory solutions.

Let us assume that there exists a solution > 0 for ^ > ^o. Then

(26) u" - < 0

Hence is steadily decreasing. There are now two possibilities: u' > 0

for all t > tij or u' < 0 for t > ti. Consider the first possibility. If

u' > Oj u is monotone increasing, and u > Ci for t > h. Thus

(27) u" = —<t>{t)u < —aHi

whence, integrating, < — a^tci

C

2 as » <», which con-

tradicts u' > 0. We are left with the second possibility, u' < 0 for

t > ti. Since u' is decreasing and is less than zero for t > ti, u' < — C4

for ^ hence u < — C4^ + c^, a contradiction, as > 00.

Returning to (27), we see that we may replace (14) by the weaker

condition

(28) <#.(<) >0, J
" <^(0 = 00

Theorems on oscillation may also be derived by using the Riccati

equation. As in (15) of Sec. 3, let u'/u = v, obtaining

(29) v' + v^ + <l>(t) = 0

This equation is valid in an interval where u 7^ 0. If <l>{t) > 0, we see

that u'/u is monotone decreasing, in any interval in which it is con-
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tinuous, and this property of the solutions of (3) is valid whether the
solutions are oscillatory or not. Let v — — w;, so that

(30) w' + 4>(t)

If <t)(t) > > 0, we have

(31) w' >w^ +
which shows, by comparison with that ty —> oo at a finite

value of t and furthermore that every solution of (3) has a zero between

two consecutive zeros of a solution of + n'^u = 0; in other words, in

every interval of length, 27r/a.

11. + <t>{t)u = 0, Periodic of Period tt. We now turn to the

important and difficult question of deciding the boundedness of the

solutions of the equation

(1) u" + (l>{t)u == 0

where <^>(0 is a continuous periodic function of period tt.

The most important example of an equation of this type is the equation

of Mathieu,

(2) + (a + 6 cos 2t)u = 0

which occurs in several important investigations of mathematical physics.

The closely related equation

00

(3) w" + [ ^ cos nt + bn sin nt)^u = 0
n — 0

was encountered by Hill in his treatment of the motion of the moon. We
shall not attempt to discuss these equations here, since (2) easily merits

a separate treatise. The whole problem is one of great difficulty, and

we shall content ourselves with proving an important general result due

to Liapounoff.

Although we know, from the general representation theorem 11 of

Sec. 15, Chap. 1, that every solution of (1) has the form

(4) u = + e^^p 2 {t)

where pi{t) and p 2 (t) are periodic of period tt, there exists no simple

method for obtaining the constants p and cr explicitly, given 0(0-

There does exist, however, a simple criterion for boundedness:

Theorem 11 . If is continuous^ of period tt, and if

(5) (a) <#.(0 dt > 0, ^ 0

(6) IJ 1
0(0 1

dt < Vtt

then all solutions of (1) are hounded os < —> ± oo

.
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Proof. Let Ui and U 2 be a fundamental system of solutions of (1),

that is, Wi(0) = 1, = 0, ^^2(0) = 0, == 1* Since Ui{t + tt),

and U2 {t + tt) are again solutions of (1), we must have

(G) Uiit + tt) = Ui{Tr)ui{t) + u[{Tr)u2{t)

U2{t + t)
== U2{Tr)U\{t) + v!2(Tv)U2{t)

Let Xi and X 2 be the characteristic roots of the matrix

(7)
TT =(

\M2(ir) MaW/
Applying (6) repeatedly we see that

Let us furthermore note that the determinant of U is equal to the

Wronskian of ui and U 2 ^it = tt. Since the Wronskian is a constant for

this equation, its value must be 1 ,
the value determined at i = 0.

It follows from this that if (1) is to have unbounded solutions, U must
have either distinct characteristic roots which are real, or multiple roots

which are then either 1, 1 or —1, —1. If 17 has complex roots, which are

necessarily distinct and of absolute value 1, the matrices will be

uniformly bounded as —
> ± oo

,
implying the boundedness of the solu-

tions of (1). Hence if unbounded solutions exist, we must have either

(9) (S' 0^
where Xi, X 2 are real and X = ± 1 in the second representation. Return-

ing to (6) this implies

and, in consequence, the existence of a real, nontrivial solution satisfying

(11 ) Uz{t + tt) = XiWsCO

We now derive a contradiction from this fact. It follows from (11)

that '^3(0 either is never zero or else is infinitely often zero. Let us

suppose that Uz{t) is never zero. Then, from (1),

Ja W3
dt -|- dt = 0(12)
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Integrating by parts, we obtain

(13)
K
Us + f ^ dt-\- f <i>(t) di = 0

Jo Jo

Since /Uziw) = above result contradicts (5a).

Now consider the case where Uz has zeros. The distance between

adjacent zeros is always less than or equal to x, from (11). We now
derive a general inequality, from which we shall derive a contradiction

to (56).

Lemma 9. Let w(a) = uQ)) = 0, where 0 < 6 — a < x and u{t) > 0 in

{afii). Then

(14)

Proof of Lemma

(15) dt > (Wxuax)"^ f \u"\dt > (u„,ax)"^ max \u\t2) — ^^'(^i)!
a <ti<t2 <b

Let UmKx = u{a + Zi) = ti{b ~ h), h + h — b — a. Then by Rollers

theorem,

(16) U (Z2) ^nxnfixy (^1) ^2
^ ^max

for some < 1,^2 ,
where a < Z2 < a + Zi = 6 — Z 2 < Zi < 6. Hence from

(15)

(17) dt > Zj ^ d" Z2
^

Zi -f- Z2 ^
4

Z 1Z2 b — a

since (Zi + U)/^ > y/liU-

Now since Uz satisfies (1), with 0 < 6 — a < x, we have

(18) i< r <
dt < r <

X Ja Uz Jo Us
dt

a contradiction.

12. The Asymptotic Behavior of the Solutions of the Equation —
(1 + = 0. Resume of Results. Let us begin with the equation

(1) u" - (1 + <l>{t))u = 0

whose theory is simpler than that of + (1 + <t>0j)u = 0 and, in con-

sequence, more complete. Under the assumption that <^(Z) —^ 0 as

Z —> 00
,
we know of the existence of two solutions Ui and U2,

for which

u[

Ui U2

-1
(2) 1
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Theorem 7 of Chap. 2 shows that there exist two solutions Ui and U 2

such that

(3) exp — Cl |<^(<)| di] < Ml < exp + Ci |(^(<)|

exp
1^

— t — Cl 1<|>(0| d<] < M2 < exp i + Ci d<

j

Exercise

Do solutions satisfying (3) automatically satisfy (2) ?

If we now assume that
j \

dt < oo, we can assert the existence

of two solutions \ii and U 2 for which, as ^ oo

,

(4) U\ ^ e^

U2 e~^

as follows from Theorems 7 and 8 of Chap. 2.

The result of (4) can be considerably improved if we assume cor-

respondingly more about Thus, if possesses an asymptotic

expansion

(5) (0~^ + p’+ • • +p-+ • •

then there are two solutions Mi and M2 satisfying

(6) e^ X
00

U2 ^ e"^ ^ hkt~^

*=0

as i —> 00
.

It follows from the general result of Theorem 8 of Chap. 2 that, if

(7) I" l<^'«)|di < »

there are two solutions Ui and U2 for which

(8) Ui ^ exp dt

U2 exp
[
~

Jq
\/l + c/>(0 dt^

as f 00 .

From this it follows that, if we assume in addition that

dt < <xi
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then there exist two solutions Ui and M2 such that

(9) Ml ~ exp f d<i
j

M2 ~ exp —t —
(/fi

j

All the above theorems are special cases of more general theorems

valid for systems. Let us now turn to some methods particularly

applicable to second-order equations.

13. The Equation — (1 + 4>(t))u = 0, where 0 as oo.

We have observed in the above rdsum4 of results that, if 0(0 0 as

CO
^
there exist two solutions Ui and for which

( 1 )
Ui U2

We propose to give another proof of this result, employing a very use-

ful and interesting method. First we shall show that a solution exists

for which u[/ui —> 1, and then we shall use the result of Lemma 3, stating

that

(.2) «. - ...

is another solution, to obtain a solution satisfying the second condition

in (1).

Choose to large enough so that 1 + 0(0 > 1 — e for i > ^o. Choose

u as the solution of

(3) — (1 0(0)^ = 0

for which ?i'(^o) = 2 and u(to) — 1, and set v = u'/u, so that v satisfies

the Riccati equation

(4) ?/ + v^ ~ (1 + 0(0) = 0, v{to) = 2

Consider Fig. 1. From the differential equation (3), we see that v'

is negative at U, whence v decreases until v hits the curve w = \/F+ 0(0-

At the point of intersection P, v has a

minimum, and v begins to increase until

it hits the curve again. At the next

point of intersection, v has a maximum
and turns downward again, and so on.

Since the maxima and minima of v

are contained between the maxima and
minima of tt; = \/i + 0(0, it is clear

that V 1 as < —> oo . We have con- Fig. 1.
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aidered the case where 1 + 0(0 is oscillating as ^ > oo
. The other case

is even simpler.

Since v = u'/u, we have proved the existence of a solution u, for which

1. Let us now use this solution to derive another solution for

which —1. Since u > for t > U, the function

(5)

exists and, by virtue of Lemma 3, is another solution of (1), as noted

above.

From this, we obtain

^ ^
- (1/u)

^ 1/m2

^ u (dtfu^) ^ ^ (dt/u-)

We now require the following lemma:
Lemma 10, Let

(7) lim S? = a,
«-> - g'{t)

g' being one-signed for t > h. Then

K(),g{i) -^Oast-^ 00

r Mlim ^
t-*

«

Take g'(i) as positive witnout loss of generality. Then for

ziw
ff'CO

a — * ^ ^ a H" *

(8)

Proof.

I > to,

(9)

or

(10) (a - e)g'{t) < fit) < (a + t)g'{t)

Integrating between t and <»
,
we obtain, for t > io,

(11) (a + i)g{t) < fit) < (a - t)git)

Since this is true for any « > 0, with to sufficiently large, (8) holds.

Applying this to the second term on the right-hand side of (6), v/e obtain

( 12) lim y — = lim

/ dt/u^

-2u'/u^
— 1/w*

2 lim -
00 W

Therefore, w'/w — 1 as i —> 00 .
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Exercise

Show that V = 1 is a stable limit of solutions of (4) and that == — 1

is an unstable limit.

14. The Liouville Transformation. In a previous section, Lemma 5 of

Sec. 3, we have shown how the Liouville transformation may be used to

transform the equation

(1) w" ± = 0

into the form

(2) u" ± (1 + 4>i{t))u = 0

where in general is a function which approaches zero as ^ ^ oo
,
if

4>{t) oo .

We now wish to point out that a repetition of this transformation will

frequently transform (2) into an equation of the same form amenable

to the results of Sec. 12. Making the change of variable

^ X a/I + ^0)

(set 01 = 0), (2) is transformed into

(4)
. 0'(O du

, ^

The further change of variable

(5) u — V exp «(s)

where

(6)

yields the equation

a(5) =
2(1 +

(7) + = 0

which is again of the same form as (2).

This method is particularly applicable if 0(0 = 1/^®, 1/log t, and gen-

erally any rational function in t, e\ log and so on. Sometimes, several

successive transformations are required to meet the conditions of Sec. 12,
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Exercises

1. Find the asymptotic form of the solutions of — e^u == 0,

u" _ ^ 0

u" — (log log t)u — Q.

2. Formulate a general criterion in terms of 0', and 0" which may
be used to determine the asymptotic behavior of the solutions of

iF' —

Exhibit some eciuations which escape this criterion.

16. The Equation w" — (1 + <l>(t))u = 0, J
< 00 . There is an extensive class of equations of the form (2) of Sec. 14

which escape the previous analysis. A simple example is

(1) W" - (l + U =
0, l<a<l

Here

,
. f“\ sin i

,

/"

" I

rf sin <

(2)
j j_ j

.

Let us now present a method based upon the connection between the

ecpiation

(3) - (1 + = 0

and the Riccati equation

(4) y' + - (1 + <^(0) =0, = —
Uf

Setting y = 1 + ly, we obtain for w the equation

(5) w' ~ —2w —

We know that there is a solution which approaches zero as ^ > oo
. Let

us obtain an upper bound for this solution in terms of 0(0- We have

(6) w = dti - dh

where for convenience of notation we represent the lower limit as zero.

It is no loss of generality to assume that |0(O| € for ^ > 0. Using the

method of successive approximations, we set
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Wo = dti

“ jo ~ Jq
dii

p]mploying the bound for <#>(0, we have
1
m;o| < e/2. Hence, if \wn\ < e,

we have

(8) dl, + dh

<r-
* -L ^< 2 + 2

- *

for € < 1. The inecpiality thus holds for all n.

From (7) Ave obtain

(9) I'w^n+il < c dti + € Jq
dti

Let us show, inductively, that \wn\ < 2 c dtij if e is suffi-

ciently small. The ineciuality is certainly true for = 0.

From (9) Ave obtain

(10) < /o
dtx + 2«

(/„' dh

<
/o

c dh + 2€ e--‘
(|J‘

(^< 2
)

The second term on the right is

(11) 2ec-2' c"‘>|<^(<2)| ^<2
]

</«! = 2«c- “ (^ - <2)e'''>|<^.(<2)| dh

< 2e e-(‘-‘'>I<#.(<2)| c/i2

Consequently;

(12) 1w„h1 < j‘ e-'‘-'‘>|.^(<i)l dh + 2e c -^'~'^^<l>{h)\ dh

< 2 e-(*-‘M(h)\ dh

if « <
It is easy to show, using the methods we have developed previously,

that Wn converges to Wj a solution of (6), which satisfies the inequality

(13) \w\ < 2 f‘
e-^‘-‘'>\<p{h)\ dh

Using Schwarz's inequality, we obtain

(14) w>2 < 2 (
dh) (^' e-<‘-‘‘>.^2(<i) dh)

^ 2 r e-<‘-‘-'0’'(<i) dh
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Returning to (6), we obtain

(16) w = dti + 0

==
J*

dh + 0
(^l‘

dti)

Since u'/u = 1 + w, we see that it is the behavior of w dt which

determines the asymptotic behavior of u. Using (15), we have

(16)
J*

w dh =
[ fg'

e~^<'‘“‘»’<^>(<2) ^<2
]
dh

^ ifo [ fo
^^^2

]
<^<1

)

Interchanging the order of integration in both integrals, we obtain

(17) j‘ w dh = H /o
<t>ik) dh - M

/o‘
e-^^‘-‘^^4>{h) dh

+ 0[f^ 4,\h) dh)

Since <l>{i) — 0 as i «> and dt < « , we see that

(18) M = exp + 3^ j‘ 4>ih) dh + Cl + o(l))

as < —> 00 .

The asymptotic behavior of a second linearly independent solution may

be determined, as usual, by using the second solution U2 = u di/u^\

Alternatively, one may consider the equation derived by setting v =
-I +w,

(19) w' = 2w — + </>(0

The corresponding integral equation for solutions tending to zero is

(20) ^
ft

“ "
e®«-‘'>«;*(<i) dh

The final result is

Theorem 12. If

(21) (a) <p(i) —> 0 as i5—> 00

(b) dt < «>

there are two solutions of u" -- (1 + ^{t))u = 0 possessing the asymptotic

forms
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(22) Ml = exp
(j + yi J*

4>(t) dt + o(l))

M2 = exp -
}'2

Jq
dt + o(l)^

as 00
.

Exercise

Use (20) to derive the asymptotic form of

133

16. The Equation u"' — (1 + 0(O)u = 0, \<l}{t)\^ dt < oo. The

method employed in the preceding section is applicable to any equation

of the form

(1) u" - (1 + <t>{t))u = 0

where 0—>0 as > « and
j dt < <^ for some n > 0. In prac-

tice, however, the algebraic complexities become overwhelming. We
shall content ourselves with stating the result for n — Z and leaving the

proof as an exercise.

Theorem 13. If

(2) (a) 0 as t—> oo

(6)
/" “

there are two solutions of

(3) u" - (1 + = 0

possessing the asymptotic expansions

(4) Ml = exp ^t + 3-^ 4>{li) dti

- M dh dt, + 0(1))

u, = exp - yi f dti

+ K f HQ dt, dt, + 0(1))

It appears to be impossible to transform the double integral into any

simpler form involving single integrals. We would expect this term to

behave like <l>^{ti) dti/8, by analogy with the expansion

(5) ^ dti t + }4 Jq Jq
+ • • •

In any specific case, such as 0 = (sin ()ly/t^ integration by parts is

readily applicable.
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17. Extension to Higher-order Equations. The essence of the above

method lies in the fact that the substitution

transforms the linear equation

(2) + • •
• + an{t)u = 0

into a nonlinear equation of the (n — l)st order, of Poincar^-LiapounofP

type.

As an example of how the method might be applied further, let us

consider the equation

(3) + a^(t)u == 0

where ai(t) Oi sls t oo. Setting v = ti'/u, the equation for v is

(4) y" + Svv' + + v^) + a2(t)v + an{t) = 0

Let Ti be a root of the algebraic eciuation

(5) + CLir^ + a2r + Us = 0

and set v = ri + w. The equation for w is

(6) ty" + 3(u; + ri)w' + rf + Srlw + ai(t){w' + rf + 2riw + w^)

4" 4“ 4" ci2(t)ri 4" cL2{f)w 4" ctsCO ~ ^

The approximating linear equation is

(7) w" 4- Sviw' 4- 4- ai(t)w' 4- 2riai(t)w 4- a2{t)w 4- r? 4- ai{t)rl

4“ ci2{t)ri 4“ UaCO = 0

The asymptotic behavior of the solution is determined by the algebraic

nature of the roots of

(8) 4" (3ri + ai)a 4* (3rf 4" 2riai + a2)
= 0

If the roots of this equation are distinct, with nonzero real part, the

familiar method of successive approximations may be used to obtain the

solutions of (6) and to ascertain their asymptotic behavior, provided that

various integrability conditions are satisfied, for example,

(9) j \ai — 0,(01” < 00

for some n > 1, If there are roots with zero real part, we must have

recourse to conditions of the type of Theorem 10 of Chap. 2.

18. The Equation u" 4- (1 4- <l>(t))u = 0. Resume of Results. We
now consider the equation

(1) o" 4- (1 + <t>it))u = 0, 0(0 0 as < 00
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whose theory is far more difficult because of the oscillatory behavior of

the solutions. There is no analogue here of the theorems concerning the

asymptotic behavior of u'/u. However, if
j \<l>{t)

\

dt < oo, it follows

from Theorem 10 of Chap. 2 that there are two solutions of (1), satisfying

(2) Ui = (sin t)(l + o(l))

U2 — (cos + ^>(1))

as ^ 00
.

If we make the further assumption that has an asymptotic series

(3)
• •

• +^+ • • •

then two solutions exist, iii and W2,
having, respectively, the forms, as

00
,

(4)

n

= sin i ^ akt~^ +

n

U2 = COS t ^ hkt~^ + O(^“”“0
j

A:=»0

From Theorem 10 of Chap. 2, it follows that, if

(5)
j"" \4,'{t)\dt < CO

there are two solutions for which

(6 ) Wi =

Ut —

exp >/1 + (1+0(1))

exp (“* ^ \/l + (I + o(l))

as ^ > oo
. Consequently, if in addition

(7) j
”

dt < oo

we can refine this to

(8) Ui =

U2 ==

exp (^it + I ^ j
(1 + o(l))

exp^— z7 — ^

If both
j

^
\<l)(t)

\

dt and
J

^

|<#>'(0I are infinite, the problem requires

more delicacy. In the next section we consider problems of this type.
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19. The Equation + (1 + <t>{t))u = 0 (Continuation). In the

previous sections we have discussed the asymptotic behavior of the solu-

tions of w" + (1 + = 0 under the assumptions either that

j
** |0(O| dt < ^ and

j * |0'(OI dt < or that 0 was a sum of func-

tions satisfying these conditions. If we consider the equation

(1) m" - (l + “ = 0. 0 < a < 1

we see that these criteria fail and that more subtle techniques must be

employed.

To extend the range of our previous methods, we proceed as follows:

As before, the differential equation + (1 + <t>{t))u = 0 is trans-

formed into the integral equation

(2) u = V — sin (t — tt)(t>(ti)u(ti) dti

where v — Ci cos t + C 2 sin t. We now iterate once, obtaining

(3) u = V — ^^sin {t — ti)<l){ti) |^y(<i) “ sin (^i — dh^ dh

^ ^ ^
fo

dti

+ sin (^1 — t2)(t>(t2)u(t 2) dt2
^
dh

Inverting the order of integration in the second integral, we obtain

(4) ^ ^ dh

+ <l>{h) sin (t — ^i) sin {h — dt2
^

u{ti) dh

We now leave as an exercise the proof of the following theorem:

Theorem 14. Sufficient conditions that all solutions of the equation

u'^ + {I + (t){t))u = 0 be hounded are that

(5) (a) <l}{ti) dh, <t)(ti) sin 2ti dh, and 0(<i) cos 2h dh be uni-
Jta Jto Jto

formlij hounded for U < t < oo
,
and

(f>) I

4>{l^ sin {t — ^i) sin (h — t^<t>{l'2) dt2 1 dh < k < Ifor all
Jta 1

Jti 1

t > to for some to.

Exercises

1. Prove that all solutions of u" + (1 + sin at/t^)u = 0 are bounded

if a 2 and b > 3'^.
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2. Prove that w" + (1 + sin 2t/t)u = 0 has unbounded solutions, and
determine their asymptotic behavior.

3. Prove that all solutions of w" + (1 + sin = 0 are bounded
if a > 1.

4. Prove the analogue of Theorem 14 for the general equation

+ {a{t) + 4i{i))\i = 0

and for the vector-matrix equation 2' = (A + B(t))z.

20. The Equations e{t)u" + u' + u == 0 and 2^" + a(t)u' + u = 0,

Let us turn our attention to the two equations

(1) + w' + w = 0

and

(2) u" + a(t)u' + u = 0

where €(t) —> 0 as ^ > 00 and a(t) 00 as ^ > 00 .

Comparing (2) with the corresponding equation where a{t) is a positive

constant, we should expect that every solution of (2) would approach

zero as 00
,
and the more rapidly the larger a{t). We might also

expect to find a solution of (1) asymptotic to e~^ as 00
,
if 6(0 0 as

^ > 00 .

It is rather interesting to observe that the problems arc equivalent,

since the substitution u = ve~^ transforms (1) into

(3) v” + -
2^

«' + y = 0

Consequently, if every solution of (2) approaches zero as i 00 when-

ever a(0 —> 00 as i 00
,
there are no solutions of (1) asymptotic to e”*;

and conversely, if there is always a solution of (1) which is asymptotic

to e~^ as 00 for every €(0 which approaches zero as > 00
,
then

all solutions of (2) cannot approach zero as i —> 00 . An interesting clash

of intuitions!

Of course, using our intuition in a different way, we might suspect

that (2), for large a(0, would have solutions corresponding to the two

approximations

(4) u" + a{t)u' = 0

a(t)u' + w = 0

Hence, if a{t) qo rapidly enough so that
j

dt/a(t) < <»
,
we should

look for a bounded solution, not approaching zero.



138 STABILITY THEORY OF DIFFERENTIAL EQUATIONS

The reader will find it interesting to apply the methods of the preceding

sections, in particular the Liouville transformation, to (1) and (2) to

determine conditions under which the various situations occur.

Exercises

1.

Prove that, if a{t) >0 for all < > 0, then any solution of

w" + a(t)u == 0

satisfies the inequality

for i > 0.

2. If /“ |a(0| dt < ^
^

all solutions of u" + a{t)u == 0 cannot be

bounded.

3. All solutions of d{tl>(t)du/dt)/dt + a{t)u = 0 are bounded pro-

vided that a(0 > 0, > 0^d{a{t)<t>{l))/dt > 0, for^ > ^o. (Butlewski.)
m

4. All solutions of ^
= 0 are bounded,

» = o

provided that 0(0 > 0, a 2i+i{t) > 0, d(a 2i+i<t>)/dt > 0 for < > to, (But-

lewski.)

6.

The equation w" — 0(0^ = 0 can have no nontrivial solution

bounded for — oo < < < oo if 0(0 >a:>0for--oo < t < oo. (Mur-

ray.)

6. If 0 < 6^ < 0(0 < for — oo < / < oo and if |0(O| < ci for

— 00 < t < 00
,
there is one and only one solution of u" — <t>{t)u = 0(0

which is bounded for — oo < t < <x>, (Murray.)

7. Consider the equation u" + (a^ + <l>(t))u == 0. Let a(t) be any
monotone increasing function such that a'(0 = 0(1) as oo

. Then

there exists a 0(0 such that, for large 0 T 0(0 dt < a(t)j and lim (log
JO 00

\u\/a(f)) > I/tt. (Levinson.)

8. If |a(0| < Cl for t > to, all solutions of u" + a{t)u == 0 cannot

belong to L2(0, oo).

9. If |a(0| < Cl, with t > U, then, if u belongs to L2(0, oo), du/dt also

belongs to /^^(O, oo). The result holds if we require only a(t) < Ci.

(Wintner.)

10.

Consider the equation u" == where f(ud) has the same sign

as u and is continuous for all u for t > to, and where a solution is deter-

mined by the values of u and u' at any point in the t interval (to,^)-

Then only one of the functions u or u' can vanish for t > to and only

once. As t-^ oo, two cases are possible;
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() w —> ± 00 monotonically

() u and w' 0, both monotonically, one increasing, the other

decreasing

(Kneser.)

11 . If 0 < Cl < f(t) < C 2 ,
there is one and only one solution of u" =

f{t)u which remains finite as ^ > oo
,
and this approaches zero as ^ > oo

.

(Osgood.)

12 . If is monotone increasing in for > 0, if /(0,0 = 0, if

decreases as u increases for > 0, and if —/(— 1/,^) has the same
properties as/(i6,0, then every solution of u'' + /(^,0 = 0 is oscillatory.

(Picard.)

13 . Consider the equation u" + d(t)f(u) = 0, where d(t) is positive,

continuous, monotone increasing, and bounded for ^ > Uj where f(u)

is odd and monotone increasing, and where |/(t/i) — J{u2)\ < Ci\ui — U2
\

for —a<Uij U2 < a, with a > 0. Then the particular solution u for

which u = Ui and du/dt = 0 at ^ where \ui\ < a and f(ui) = 0,

is oscillatory, and its amplitude decreases monotonically but does not

approach zero. (Milne.)

14 . If > 0 for t > tof if is nonincreasing, and if lim <l>{t) = oo

,

> 00

then every solution of = 0 approaches zero as < oo
^
but

Hm |w(0 \/0(Ol is positive. (Armellini.)
t—> 00

16

.

Is the condition that 0(0 be monotone increasing to oo sufficient

to guarantee that all solutions of u'' + 0(0^^ = 0 approach zero as

t —> 00 ?

16 . Consider the equation u" + 0(0^ = 0, where 0(0 > 0 for

a < t < h. Let u be the solution satisfying the condition u'{to) = 0,

with a < to <.h and u{to) = 1. Then u may be written

where T = {t — to) y/0(s) and where s is a function of t and where

to < s < t. (Petrovitch.)

17 . If 0(0 < 0, the solution in the interval between consecutive zeros

ti and t2 has the form u = cos T, T = (t — to) \/— 0(g), ti < s < 0.

Hence h — to — t/2 y/— <I>{s)j t2 = U + 7r/2 \/— 0(0. (Petrovitch.)

18. If 0(0 > 0, with t > to, the general solution of — <t>{t)u = 0

has the form

u = Cl exp \i(ti) dti^ + C2 [exp X 2 (0) d^i]

where Xi and — X 2 are nonnegative and bounded if 0(0 is. (Osgood.)
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19. If <l){t) >0 and is monotone, the amplitudes of the solutions of

u" + 4>{i)u = 0 vary monotonically, increasing when is decreasing,

decreasing otherwise. Furthermore, if remains finite as > oo,

the amplitudes remain above a certain bound depending upon u{0)-

(Murray.)

20. If is monotone and tends to as ^ > oo, then if

tfc" + = 0
we have

lim max \u\ = Ci
i-* 00 0 <«<<

lim max \u'\ —
t-* CO 0<8 <t

and C2 = aci. (Ascoli.)

21. If 0(0 is nondecreasing, max l^j is nonincreasing and approaches

a finite limit as > oo; max \u'\ is nondecreasing but may approach
0<8<t

00 as » 00. If 0(0 is nonincreasing, the above results hold with u

and tt' interchanged. (Ascoli.)

22. If 0'(O > 0 and is nondecreasing for ^ > /o and if <t)(t + l/\/0(O)/

0(0 —^ 1 as i ^ 00
,
then every solution of u'^ + (l>{t)u = 0 approaches

zero as ^ oo
.

(Biernacki.)

23. Show that the substitution u = r cos 6, with 6 = ef dt/r^y trans-

forms w" + 0(0^^ = 0 into d^r/dt^ — c^/r^ + r0(O = 0.

24. If lim 0(< + c/'\/0(O)/0(O = I> <#>(0 —^ 00 as^--> oo, thenif A(0
t--* CO

is the interval between two successive zeros of u" + <i>{t)u = 0, we have

lim A(<) V <#>(<)A = 1. (Wiman.)
i-* 00

26. Under the same hypotheses as in 24, any solution of u" — = 0

satisfies the relation lim u'/uy/<i>{i) — +1 or —1. (Wiman.)
t—¥ 00

26. Consider the two relations

W ~ % ~ = 0
,

< > <0

Q>) ^ - pi(<) - P2(0«’ - ?(0 > 0

where uiU) = Wo = and u'{U) = wj = ?;'(^o). If there exists a

solution u of (a) which does not vanish for > ^ > to, then v > for

ti > t > to. (Wilkins.)

27. Let the equation u'' + pi(t)u' + p 2 (t)u = 0 possess the property

that for a < t < b there exist solutions Ui and U2 such that Ui > 0, and

w{tiiyU2) > 0, where

w Ui u[

tl2 ^2



THE SECOND-ORDER LINEAR DIFFERENTIAL EQUATION 141

Then if a function v vanishes for three points in (a, 6), there exists

an intermediate point s such that v'\s) + pi(s)v'(s) + p 2(s)v(s) == 0.

Generalize. (Polya.)
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CHAPTER 7

THE EMDEN-FOWLER EQUATION

1. Introduction. In this chapter we shall study the important non-

linear second-order equation

(I)

This equation has several interesting physical applications, occurring

in astrophysics in the form of the Emden equation and in atomic physics

in the form of the Fermi-Thomas equation. There seems little doubt

that nonlinear equations of this type would enter with greater frequency

into mathematical physics, were it more widely known with what ease

the properties of the physical solutions can be determined.

Mathematically, the equation possesses great interest : it is a nontrivial,

nonlinear differential equation with a large class of solutions whose

behavior can be ascertained with astonishing accuracy, despite the fact

that the solutions, in general, cannot be obtained explicitly.

In order to isolate this large class of tractable solutions, we employ the

concept of pro'per solution, previously encountered in Chap. 5. We recall

that a proper solution is one which is real and continuous for t > U.

Henceforth we shall confine ourselves to the consideration of proper

solutions alone. In order to remind the reader of this fact, wo shall

constantly insert this assumption into our hypotheses. This assumption

is a natural one as far as physical applications are concerned.

2. Some Preliminary Reductions. We now consider some changes of

variable which reduce (1) of Sec. 1 to simpler form.

If p > 1, set

(1) s = (p - u = {p
- H

s

The equation for v is

(2)

where

= - (n + 3)
P — i

143

(3)



144 STABILITY THEORY OF DIFFERENTIAL EQUATIONS

If p < 1, set

(4) S = (1 - U= (I -

Then we have

(5) ^ ± s""” = 0

where

(6)

Ifp

(7)

(T + p

1, set s = log L The resultant equation is

ds^
*“

We begin then by studying the equation

(8) ^ ± = 0

For certain values of a and n, it is possible to reduce (8) to a nonlinear

equation with constant coefficients and thereby open the way to the

application of the Poincar6-Liapounoff theory to the study of (8).

Let us try a solution of the form u = cP"j c and w being constants.

Substituting, we see that there is a solution of this form if

(9) w

c

— (<r + 2)

n — 1

(,r + 2)(<r + n+
L+ {n-\y J

These equations are meaningless for n = 1, in which case the equation

is linear and amenable to the method of Chap. 6. We assume hence-

forth that our equation is actually nonlinear, that is, n > 1.

Referring to the value for c given in (9), we see that in general real

solutions of this form will exist for the equation w" — = 0 only if

{<T + 2)(a + n + 1) >0. Whenever these particular solutions exist, we
shall see that they are not isolated curiosities but furnish valuable clues

to the structure of the set of proper solutions.

Since we are considering only real continuous solutions, the arithmetic

nature of n will have considerable influence upon the possible types of

proper solutions. It is clear that, in general, because of the presence of

the term w”, proper solutions must be positive. For certain values of n,

however, u may take negative values, namely, if n = p/q where q is
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odd. We see then that for the equations where negative values of u are

permissible, either is always positive, or (— -w)” = These simple

observations will explain our apparent prejudice in favor of positive

proper solutions.

We will say that n is ^^odd” if n —
'p/q, with p and q both odd, and that n

is ^^even^^ if q is even.

It will be necessary to divide the treatment of (8) into subcases, depend-

ing upon the sign, and the values of <r and n. As we proceed in this

chapter, we shall introduce one device after another up to a certain point,

after which these same devices will be used in unison. It is hoped then

that, after a certain amount of working and reworking of these sections,

the reader will be able to use this same limited number of techniques to

handle any equation of similar type that may occur in theory or practice.

3. u" — = 0, (7 + w + l<0, Positive Proper Solutions. Our
first result is

Theorem 1. // o- + n + 1 < 0, aZZ positive proper solutions of

(1) u" — = 0

have one or the other of the following asymptotic expressions:

(2) u ~
or

(3)

or

(4)

u ttif tt2 “1“ [I “h o(l)]

u ^2 4" [1 “b o(l)]

{a + n + 1)((T + n + 2)

(<r + l){a + 2)

where ai and a^ are arbitrary constants.

Proof. First of all, it is clear that u must be eventually monotone.

For if = 0 at ^o, u can only have a minimum at ^o, since u" = t^u^ > 0.

Hence u is eventually monotone increasing or monotone decreasing.

Furthermore is monotone increasing, since w" > 0.

Thus there are three cases possible as ^ «>

:

(5) (a) u'-^O

(6) u' a 7^ 0

(c) u' —> <X)

Case (a). If w' —> 0, with u' increasing, then u' < 0, and u is decreas-

ing. Hence u has a finite limit as i > oo
, since u > 0. Moreover this

limit is not zero. For if oo
)
= w( oo

)
= 0, we obtain from equation (1)
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(6) ^'(0 = ~ ^ ^
ft

u{t) ~ ^ ~ ft^

Let w(^o) = 5 be small. Then since u is monotone decreasing,

(7) 5 = u{to)
~

Since n > 1 and since o- + n + 1 <0, this last integral converges, and

we have a contradiction for 8 sufficiently small.

Let then u(oo) = a2 9^ 0, u(t) = a2 + o(l) as > oo. From (6) we
obtain

(8)

and thus

(9)

u\t) = —
aj ^

dt + o(l) ^ dt

la+l
= a;

+ I
+ o(\)U+^

u(t) = a2

= a2 +

T-f/'"" d^(l + o(l))

((T + l)((r + 2)
7>n (1 + 0 { l ))

Exercise

1. Using the method of successive approximations, show that a solu-

tion of this type exists for t > U, provided that is suitably chosen.

Case (b). If w' —> ai 7^ 0, then u ^ ait as t—> °o

.

Using (6), one

then obtains (3).

Exercise

2. Under what conditions does a solution of this type exist?

Case (c). Referring to (9) of Sec. 2, we see that, if <r + n + 1 < 0,

with n > 1, then c is a real constant for all n, so that a particular solution

of (1) is u = cV°, where c and w have the values of (9) of Sec. 2. What
we wish to show is that this solution is representative of the solutions for

which 2^' —> 00 . To do this, we make the substitution

(10) u = ct^v

The equation for v is

(11) /V' + 2wtv' + w{w — !)(?; — v^) = 0
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Now perform the further change of variable, t = e\ The resulting

equation is

^ ~ ^ - j>") = 0

This equation will play an even more important role below.

Since u > 0 and c > 0, it follows that y > 0. Let us now show that

all positive proper solutions of (11) lie in the strip 0 < y < 1. As soon

as V crosses «; = 1 (it cannot be tangent to y == 1 without being identically

equal to 1), it must continue increasing monotonically. For if y' = 0,

we have v" = —w(w — l)(y — y”) > 0, and thus only minima can occur.

Furthermore any such y cannot approach a finite limit, since we shall

show below that if, as s —> oo
,

y —> a, then a — a” = 0, which con-

tradicts y > 1 and monotone increasing.

This we prove as follows: Suppose y a, with a — a" 0. Then
from (12), we have, as s—> oo,

(13) g +

Integrating, we obtain, as s —> «>

,

(14) ~ + (2ty — l)y CiS

Since y-^a, this implies dv/ds CiSj whence y cisV^, which con-

tradicts the boundedness of v.

Let us show that y oo is impossible for a proper solution. Making

the substitution dv/ds = p, (12) becomes

(15) p^ + ttp + 6(y — y”) =0

where a = 2iy — 1, and b = w(w — 1).

Using Theorem 3 of Chap. 5, we see that, as y —> co
,
either

(16) p ^
where P is a polynomial in y, or

(17) p ^ y^(log v)^

If P(y) —> — cjo as y —> 00
,
then p —> 0 and dp/dv •—> 0. Turning to (15),

we see that this results in a contradiction. Hence P(y) —> oo as y —> oo

.

This, however, implies p > y^ as y oo
,
which is not possible if y is a

proper solution, using Lemma 1 of Chap. 5. If P(y) is identically con-

stant, then it follows from (15) that & = (n + l)/2 > 1, and again we

have a contradiction. Similarly with (17).
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Hence we are left with solutions lying wholly within the strip 0 < «; < 1.

These solutions again must be eventually monotone, since any extremum

must be a maximum.
Consequently, ass—^ oo^y—»0ory-^l.
The case y 1 furnishes us with the remaining type of solution of

(1), that given by (2), while the solutions corresponding to y —> 0 yield

the types already found. Incidentally this is another way of showing

that w —> 0 is impossible, since the rate of decrease of the solutions of the

nonlinear equation (11) cannot be too rapid.

Finally let us note that we have made no use of the parity of n.

Exercise

3. Under what conditions do there exist solutions of (12) of the

specified type?

4. u" — = 0, <r + 2<0<o- + n + l. In this case we show
Theorem 2. 7/(r + 2<0<<r + n + l, every 'positive proper solution

of

(1) w" — — 0

has the asymptotic form

(2) w = a +
fjnl^+2

(<r + 1)(<7 + 2)
(1 + 0 ( 1 ))

Proof, We have again the same three cases:

(3) (a) u' 0

(b) u' a 0

(c) u' CO

as ^ > 00
.

Let us first show that case (36) is impossible. If u' a, then u ^ at,

and from (1)

(4) > a^t^^^

for a > ai > 0 and t > to, whence integration yields

(5) u' >
<r 4- n + 1

- Cl 00

which is a contradiction. Similarly we show that case (3c) cannot occur.

For 00 implies u' > a for large t for some a, and hence u > at.

Reverting to (1), w" > u* > (a\l<i + n + — Ci > i^, for

some 6 > 0, and thus u > for some 6 > 0 as ^ > oo . Continuing in
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this way, we obtain u > for every iV as <—> oo. Hence from (1), for

large

(6) u" > t^u” > € > 0

as 00 . If w' is negative, ti is decreasing and approaches a finite

limit; this is what we wish to show. Hence let us assume u' is positive.

If u' is positive, we have from (6)

(7)

which upon integration yields as ^ oo
,
ox u' >

But this we know is not possible if u is a proper solution.

Consequently we are left with case (3a), where u' —> 0. In this case,

u' must be negative for large since positive u implies, by virtue of the

differential equation, that a" > 0, and hence that u' is increasing. Once
it has been established that u' < 0, it follows that u approaches a limit

as ^^ 00 . The proof given in Sec. 3, (6) and thereafter, shows that this

limit is not zero.

Once this point has been settled, we may use the same iteration pro-

cedure as before to obtain the asymptotic expression of the solutions.

Exercise

Under what conditions does a solution of the stated type exist?

6. O' + 2 < 0, O' + 71 + 1 = 0, ii" — — 0. Once more we have

the same three cases as ^ ^ oo :

(1) (a) a' —> 0

(6) w' a 7*^ 0

(c) a' —> oo

That case (Ih) is impossible, follows as above, with (5) of the previous

section replaced by

(2) u' > a’* log ^ — Cl —> 00

To rule out a' —> oo [Case (Ic)], consider the equation obtained by
setting u = vt,

(3) W' + 2tv' - = 0

and then t = e%

dh
d? + 0(4)
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Since v > 0, all solutions are eventually monotone. Using Hardy^s

theorem as before, we rule out —> oo
. Hence v has a finite limit, which

can be only zero, as we see from equation (4). If y —> 0, it has the asymp-
totic expression v ^ Cie~\ with Ci ^ 0; hence u = as > co.

That this constant Ci is not zero may be dedu(‘.ed from (4), as we have

just done, or may be shown by virtue of the fact that o- + 2 < 0, as we
have done in the preceding sections.

It is important to keep in mind that there arc these alternative ap-

proaches to the problem of determining the behavior of the solutions,

since in more complicated cases one of the approaches may fail.

Thus we have

Theorem 3. //(r + 2<0— (r + n + l, every positive proper solution

of

(5) u^' — = 0

has the asymptotic form

(6) + (<r + l)(<r + 2)
( 1+ 0 ( 1 ))

as t~^ 00 .

6. <r + 2 = 0, w" — = 0, We shall prove

Theorem 4. Every positive proper solution of

(1) ifV' - = 0

has the asymptotic form

(2) u ^
l/(n-l)

as t-^ 00
.

Proof. Set t = e% obtaining

(3) u" - u' = 0

Since u > 0, every solution is eventually monotone; hence u approaches

zero, infinity, or a finite limit. The only finite limit it can approach is

zero. Using Ilardy^s theorem as above, we rule out w —> oo and hence

are left with u —> 0. To determine the form, set u' = p, obtaining

(4) = 0

and then u = 1/v. Discussion of the various possibilities results in (2).

We leave the details as an exercise.
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Exercise

Under what conditions does a solution of the stated type exist?

7. <T -f" 2 )> 0, = 0

Theorem 6. // o- + 2 > 0, every positive proper solution of

( 1 ) u" — t^u^ = 0

has the asymptotic form

(2) u

Proof. All solutions are monotone as before. Set u = ct^‘’v, where c

and w have the values given in (9) of Sec. 2. The equation for v is

(3) v" + {2w — 1)?;' + w{\v — 1)0; — ?>") = 0

For <r and n in the range considered, we have

(4) {2w — 1) < 0 < w(w — 1)

Let us now consider the possible alternatives for v; we already have

V > 0, If y crosses y = 1, it must continue monotonically increasing,

since any turning point must be a minimum. That v approach a finite

limit greater than 1 is impossible, since any finite limit must be a root of

2) — ijn — 0. Hence v oo , We now investigate this possibility using

Hardy’s theorem. Setting p = v'y we obtain

(5) - ap + Hv - v') = 0

As y —> 00
,
we must have either

(6) p e^^^^v^

where L* is a polynomial or

(7) p ?;"*(log v)^^

Evaluation of the constants shows that both cases lead to p >
with € > 0, as 00 . Since p — dv/dt, this is impossible if we are

considering proper solutions.

Hence ii v > l,z;—>las^—

>

oo, which yields (2).

Now let us consider the solutions in the region 0 < y < 1. From the

ultimate monotonicity of the solutions, y—>0ory—>las<-^co. We can

easily rule out the possibility that y —^ 0. The characteristic roots of the

linear part of (3) are given by X = — ly, —{w — l). Since both are
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positive, it follows that y = 0 is a thoroughly instable solution and thus

that no other solution of (3) can tend to this as ^ . Hence again

the only alternative is v —> 1, which yields (2).

This concludes the discussion of the positive proper solutions of the

equation w" — ~
0. Since all proper solutions are monotone, these

solutions are ultimately positive or negative. If u is negative, the ques-

tion arises as to the meaning of Either n has a value which rules

out negative values, or (
— in which case we can reduce the

discussion to the previous case or to the case still to be discussed where

u'" + = 0 .

Exercise

Under what conditions does a solution of the stated type exist?

8. ==0, <r + n+ l <0, n “Odd*’

Theorem 6. The proper solutions of

( 1 )
— 0

possess one of the asymptotic forms

(2) U = Cl —

U c^t

(<r + l)(o- + 2)
(1 + o{l))

as if (r-\-n+ \ <0.
Proof. At this point we introduce a new artifice. We have

(3) u'u" + = 0

whence

(4)

Integrating by parts,

/;
t^u^u' dt = Cl

(5) ~2 <T

/: n + \
dt = Cl

Since o- < 0 and since n + 1 is even, whence > 0, this yields

(6) (a) u'* < C2

(5) < Cz

Hence

(7) 1«|
=
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Returning to our original equation, we obtain

(8) u' + di = Ci

The integral is

(9) ^ if
‘ ~ ^ iP

Since <x/{n + i) < “1, the integral converges. Thus u' —> c^, as L

If cs 0, M~ Cit. If cs = 0, which is to say, if m' 0 as < ,
we

have, in place of (8),

(10) u' = ^
* Vu" dt

Since u = we have

(11) V! = t>
— f) 1)

_ 0 ((<<'+"+')/<»+'))

If a- 4- M + 1 < — (n + 1), we can conclude that »t —> ce as 1 —> «> . If

not, then u = 0(t‘“') for some c > 0, whence, repeating the argument.

(12) m' = 0 Q dt) = 0
( 1

“

= OC^cr+n+l-n*)

and so on, until the exponent is smaller than ~ 1. Thus u > Ce as ^ > oo

.

Both C5 and ce cannot be zero, as follows from the argument of case (5a)

of Sec. 3. The more precise result of (2) may now be obtained by

iteration.

Exercise

Under what conditions do solutions of the stated type exist?

9 ^ ^ = 0, cr + 2 > 0, n We now prove the following

important result:

Theorem 7. // <j + 2 > 0, there are no monotone solutions of

(t) u"' + == 0

Proof. Let us consider the case <r + 2 = 0 first. Assume that there

is a monotone increasing solution u, where u —> i > 0, with I finite or

not, as f —> 00
. Setting < = e*, we obtain

(2) v” — r' + u" = 0

We see that the only finite limit v can have is a = 0. To .show that

—> 00 is impossible, we use Hardy’s theorem as before.
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Tliere remains the case v - 0. Setting p = v', we have

(3) p ^ - p + t;" = 0

We then let v = l/u and use Hardy theorem to obtain the possible

forms of the solution as —> <» . In this way we see that no monotone

solution exists.

Subsequently we will examine the oscillatory behavior.

Now consider the case o- + 2 > 0. Take first the case where u is

monotone increasing. The limit must be infinite or zero, as we see by

considering the equation for v = u{e^)j

(4) V" — y' + _ 0

Let us consider the case u - oo first. For t > toj we have from (1)

(5) u" < -U
or, integrating,

fa+\

(6) u' < Cl — f—r ( < Cl — log nf (T + 1 =0)
<7 "t" 1

If <r + 1 > 0, this contradicts > 0 for ^ > 0. If o- + 1 < 0, integrate

(5) between t and oo
^
obtaining

(7) u\t) > -
0- + 1

Integrating between Iq and <, we have

(8) € > 0

Returning to the original equation, we have

(9) u" <

and we repeat this process until 1 + c + /le > 0, which will imply

u' < 0 for t large, and thus a contradiction. The same argument shows

that ^ C 3 > 0 is impossible, as we already know.

Now consider u monotone decreasing, with u > 0, Then w •—> 0 as

00 . Integrating the equation of (1) between t and oo^ we have

(10) ii'

I

* + ^
dt = 0

ii' = di > 0

which is a contradiction. Since n is odd, the case where 2/ > 0 is equiv-

alent to that where u < 0.
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10. w" + = 0, (7 + 2<0<(r + n + l, 2(r + n4-3<0. The
arguments used in this and the following section will be more complex

and detailed than those given previously. This seems unavoidable,

since the set of solutions is actually more varied.

Our first result is

Theorem 8. //(r + 2<0<(r + n+ l and i/ 2(r + n + 3 <0, ivith

n all 'proper solidions of

(1) 16" + Uu”' = 0

have the asymptotic forms

(2) u ct'^

S2k hk %+l ^

(3) U — Cl —
cy+-(i + q(1))

{or + l)(o- + 2)

Proof. Let us make the change of variable

(4) n — ct^v

where c and w are determined by the condition that ct'^ be a solution

of (1). The equation for v{e^) is then

(5) v" + (2ty — l)v' + w{w -])(?;-- v") == 0

where 2k; — 1 > 0 and w{w — 1) < 0. Consequently we write this

in the form

(6) v" + av' — h(v — K’O = 0, a > 0, 5 > 0

It is here that the condition 2a- + n + 3 < 0 is used in an essential

manner.

Multiplying by v' and integrating, we obtain

(7) v'^ dt

yn+l

.n
+1' = Cl

Hence \v\ is bounded as ^ > qo . From this it follows that

(8) < 00
,

v''^ dt < (x>

From (6) we may then also conclude that \v"\ is bounded as ^ > «>.

Now let us show that the above conclusions imply that y' —> 0 as

^ » 00
. Let us prove this by contradiction. Let [t2kMk+^\ (see Fig. 1)

be the ?ith interval, in which v' > a. Since
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(9) ^ {t2k+i — tu) < v'^dt < 00

n = 1

it follows that — Uk —> 0. Similarly, consider intervals [s 2fc,S 2fc+i],

in which v' > a/2. As above, S2k+i — §2*
—> 0 as A; oo

.

In the interval \s 2kyt 2k] the slope of the chord joining PQ is

(10) m = f
^ = v"{e), Sik < 0 < hk

^2k S2k

It follows then that

(11 ) lim v"(6) = 00

t—* CO

which contradicts the boundedness of \v"\. Thus y' —> 0 as / —

>

Returning to (7), and using v''^ dt < ^

,

we obtain

( 12) lim
> 00 n“+l

= C3

Hence v —> r as f —

4

00
,
where (n + 1)

— — C3 = 0. But r

must be a root of r"* — r = 0, from (6), and consequently r = 0 or 1.

If r = I, we have the desired solution of (2).

Let us then consider the case r = 0, where y —> 0 and v' —> 0 as < —> .

The linear part of (G), v" + av' — = 0, has the associated char-

acteristic roots —tc, the first of which is negative, the second

positive. Thus if y —> 0 and if y' —> 0, y ^ as ^ ^ 00 . This leads

to the solution of (8).

Exercise

Under what conditions do solutions of the above type exist?

11. u" + Ua” = 0, 2(r -h/i + S !>0, o’-h2 <C0 <C. o' u 1. Repeat-

ing the preliminary reductions of the previous section, we have the

etpiation

(1)
y" — hv' + c(y" — y) = 0, 6 > 0, c > 0

where h — 2w — 1 and c = —w(iv — 1).

We begin by proving some initial results concerning the behavior of the

solutions.

Lemma 1. There are no proper solutions other than v(t) — ±1 such that

either v{t) > 1 when t > to or v{t) < —1 when t > to. Furthermore there

are no solutions such that v{t) approaches 1 from below or —1 from above.
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Proof. Using the above methods, we easily dispose of the possibilitii's

that orv— Consequently we are left with the case

j>- 1 from above as < —> «
,
if we are considering the case j; > 1. Setting

a = 1 + M, the resulting equation for u is

(2) m" — hu' + c[(n — 1)m + 0(m^)] = 0

The characteristic roots of the linear equatioir cither are both positive

or possess positive real parts. Therefore ii = 0, that is, v = 1, is an
unstable solution. This also disposes of the possibility that v —> 1

from below as The argument for v{t) <—lory^—

1

from
above is similar.

Lemma 2. // — 1 < t; < 1, with v 9^ ±{, then

(3)

as t

• Cie~
((T -j- 2)w == — ! —
(n - 1)

Proof. No oscillatory solutions are possible, as we see by looking

at the sign of y — y". Since y cannot approach Z 0 or 1, and cannot
tend to 1, it must necessarily approach zero as I oo. We can then
determine the behavior using the theory of Poincar6-Liapounoff or

Hardy’s theorem, setting y = l/u.

Finally

Lemma 3. If v{t) is not of the above type^ or +1, then as t—^
cuts +1 infinitely often, and lim |y|

Proof. Let us assume, without

loss of generality, that v intersects

y = 1 infinitely often. Let {^4 be the

sequence of intersections (see Fig. 2).

L ^ .

r

is+l ^5+2

f;=0

t;=-l

Fig. 2.

Multiplying the equation of (1) by y' and integrating, we obtain

— h
\ v'^ dt = 0

u Jt,

Hence

(4)

(5) ^ = h v'^dt

s — 1

Let us show that v'^ dt = oo
,
which will show that -> «

.

Assume for the moment that the integral is finite. Then we have from
(1), upon multiplication by v' and integration.
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(6) +

This together with dt < would imply that \v\ and |?;'| are

bounded. From the differential equation we have that \v"\ is bounded.

But we showed in Sec. 10, relations (9) and the following, that these

facts imply that y' —> 0 as This, however, contradicts (4),

which shows that y'(<a+i)^ > v'{uy. Hence we have demonstrated that

00 as 5-^ 00
.

Now let us show that the curve can cross y == 1, without also crossing

y = 0, only a finite number of times. Consider Fig. 3. At P, v'{ts) is very

large and negative, for U large.

Since y"(f«) = hv'{U), we see that

y' is decreasing at P, whence it

is impossible, referring to (1),

v = -1 that y' = 0 between U and ts+i for

Fig. 3. 0 < y < 1. Similarly it follows

that the curve v = v{t) must cross

y = — 1 and can return and cross v = — 1 again only if jyj becomes suffi-

ciently large to counteract the y' term.

This argument then shows that lim jyj = + oo and completes the
t-* 00

proof of the lemma.

Now that we have obtained this preliminary information, let us

attempt to determine the shape of the curve more precisely.

Let us first review what we already have derived. The shape of the

curve is as shown in Fig. 4. Furthermore we know that \v'{ts)
\

oo as

s —> 00
,
and the argument immediately preceding shows that |y(r«)l oo

as s —> 00 . We want now to establish the crucial

1

Fig. 4.

Lemma 4. 0 as s —> oo

.

Proof. The proof is broken into two parts. We first show that

Tt — ta-^ 0 and then that r, — P, —> 0 as s —> oo . That Ps — —> 0
is an immediate consequence of the fact that |y'(f«)| oo and of the
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monotone increasing character of v' in the intervals for large 1.

This last follows from (1), noting that 0 < w < 1 in {U,T,).

Let us now turn to the proof that t, — 0. Equation (1) may
be written

(7)

-d
dt

= 2ce“^*’‘(r” — v)v'

If < < r„ then e < e Integrating (10) over we obtain

(

aiTl+l a.
2 9)^\^ - 5 - sVi +U ^

< 2ce-“< f _ ’•’5

Vn + 1 2

_ 2;"+* 2’A

n+1 "^2/
This yields

(9) V5 - I
- < V2«

Integrate between T, and r,, obtaining

(10) (1 - <n Vn+l „2 j,„+l
^

n+1 2 n+1 + 2/

The lower limit may V)e taken to be 0, which, combined with the sub-

stitution V ~ vji, yields the result

(11)
\/2c
--y:- _ g~&(ra-n)) < y_[(n-l)/21 I —

“rT+'ir
1 -
2vr^

)

(In

Since oo as 5 —> oo
,
we see that r* — —> 0 as 5 —> oo

.

Returning to the u^t plane, and re-

calling that the t coordinate in the u,t

plane is related to the t' coordinate in

the v,t' plane by the relation t = e*',

we see that if Fig. 5 is the graph of

the u curve in the Ujt plane, then

4+iA« —> 1 as s —^ 00 .

Before continuing with the derivation of the asymptotic behavior

of the solution, we shall turn to the other o- ranges where oscillatory

solutions exist, and show that, in these cases, we also have 1

in the appropriate plane. Once this result has been obtained, a single

argument yields the asymptotic behavior in all cases.
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12. w" + = 0, O' + 2 > 0. We wish to show that in this case too,

referring to Fig. 5, we have

Lemma 6. ts^i/tg 1 as s oo

.

It is clearly sufficient to prove that —> 1, where is again the

point at which u attains its maximum, since a similar argument shows

that ts+i/rt, —> 1, and then Lemma 5 follows. We begin by showing

that, if (T > 0, then

(1) > Cl > 0

From the differential equation we derive

(2) v!\i:) = -
/

2 t^u-u' dt <
Jt. dt Jt. n+ I

Similarly, in the interval [r,_i,4], we have

(3)

and thus, combining (2) and (3), we obtain (1). Starting with

u'u'' + == 0

we now integrate between t and Ts and use U < t < r„

0/(r 9/ff

(4) ~ ^"^0 < n'\t) <

From this we obtain, integrating between L and r»,

/ 2 1 -
f/l + l ((r/2) + l

^(<r/2)+l-^(n-l)/2

dv

(«r+2)(n+ l) n-1

(7) = [r«

Tj, —> 00 as s—> 00
,
and {a + 2) {n + l)/(n — 1) > a, the right-hand side

of (6) —> 0 as s —> 00
,
and therefore ts/r, 1 as s —> oo

.

Let us now consider the case cr < 0, a + 2 > 0. The same reasoning

as used above yields the result

(8) > ci> 0
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and its corollary that « as s —> oo
. Since (<r/2) + 1 > 0, we con-

clude easily from the above results (4), (5), and (6), appropriately

modified to take account of or < 0, that again —> 1.

13. Asymptotic Behavior of the Oscillatory Solutions of u" + = 0.

We shall now show how the preliminary result —> 1 may be used to

find the asymptotic; form of and — tg. The argument is the same
for all cases, and we shall present it in detail for <t > 0.

From (5) of Sec. 12 we see, using —> 1, that

( 1 ) ts)

dv/\/^i — V

“^/2|^(n— 1)/2

In place of this estimate for the length of the total interval Tn — ^n, which

we shall use below, we want first an estimate of ^ — tny where in ^ t < Tn.

Since we have from (4) of Sec. 12

(2) yfnll
u

integration between tg and t — tg h yields

du
(3)

Returning to the equation, —d(u'^)/dt = 2i''u"u', set t = t, h and

expand t" about t„ obtaining

(4) - (u'^) = 2K' + MrHl + *)]«”«'

where « = «(<) —» 0 as f —> <» . Now integrate between t, and r„ obtaining

(5) u'{t,y =
n+l

n + 1
+ 2<rirHl + *) /"

Jh
hu^u' dt

Employing the estimate for h from (3), this becomes

(6) u'itgy

where

2<-Ul+e)
n + 1 V2/(n + Jt. \Jo Vm?+‘ - v’‘+\

2fju?+i 2<-Hl + «)_

n + i y/2/(n + « + 1

— dv =
1 r(3^)r[i/(n + 1)]

n+irlM + (l/n + 1)]
(7)
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The evaluation of the integral in (6) is performed by first changing the

independent variable from ttou and then letting u = UgV.

We now have the equality

(8) u'iuy
n +

n+l r
'a

- 1
1 H

a(l

1y/^ln +
Similarly, from the other half of the wave, we obtain

(9) u'{i,y = —^ r 1—7-=^- —
^ 1 L y/'2^ln + i _

Returning to equation (1) and the estimate for Ts

(8) and (0) as follows:

tsy we may simplify

(10) - ;rTT«“:“ [' + ('• - «]
2t

tgKi

I
[l - ^

where

(11) K2 =

n +

-i:
dv

tsKi

1 mmi/in + 1)1

\/l — n + l Tl}4 + (lA + 1)]

Since (r« — ^J/r« is small, as is also (4 — Ts-O/^s, we write these rela-

tions in (10) in the form

(12) ^-(l+lL^)'
<rKi(l+t)/K2

Similarly,

(13)

Hence

n + 1 \t.

<rKi(l-\-e)/K2

<rKia’h€)/K2

(14)

y<rXi(H-€i)/JCs

-ferfe)'
Multiplying over s, we obtain

(15) U. = ncf)-
^’-<rKi/[K2in+l)]+e2

S

where ea —> 0 as < —^ oo . Replacing Ki and K2 by their numerical values.

(10) u, =
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From this, we obtain, returning to (1),

(17) ^,+ 1
^(-2a/rH.3)+.

A further use of the above methods yields the precise results,

(18) Us ^

'•+1 c(»-i>/3 yjn + i r[(>^) + (l/n + 1 )]
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where Ci is a constant.

The same results hold over the other a ranges, and we leave their

derivations as exercises.

14. The Equations = 0. Since the methods we have

applied in the previous sections are equally applicable to the equations

u" + = 0, we shall state the results and leave the proofs as exercises.

Consider first the equation n" + = 0, and define

( 1 ) C =

Exercises

1. If X > 0 and n = p/q, where p and q are both odd, then all proper

solutions are oscillatory.

2. If X > 0 and n = p/q, where p is even and q is odd, then the proper

solutions form a one-dimensional manifold, all asymptotic to —ce^K

3. If n is irrational, or rational with even denominator, there are no

proper solutions.

4 . If X < 0 and n = plq,^ rational number not of the form even/odd,

the proper solutions form a two-dimensional manifold with the parameters

= lim u', ao = lim (u — ait).
t—

*

00 i—> 00

6.

Show that, under the conditions of Exercise 4,

u = ait + ao +
^

(t — s)e^^(ais)”’ ds^ (1 + o(l))

6. What restrictions must be imposed upon ao and ai if we wish solu-

tions which exist for 0 < ^ < oo ?

7. If X < 0 and n — p/q, where p is even and q is odd, show that, in

addition to the above solutions, there is a one-dimensional manifold of

proper solutions asymptotic to —
In the following two exercises we consider the equation u" — = 0.

8 . Show that, if X > 0, the proper solutions form a one-dimensional

manifold, asymptotic to
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9. Show that, if X < 0, in addition to the above one-dimensional mani-

fold, there exists a two-dimensional manifold of solutions with parameters

ao and ai as above. If ai 7̂ 0, we have

u — ait + ao + (t — ds^ (1 + o(l))

What conditions must be imposed upon ao and a 1 if we want solutions to

exist for all t > 0 ?
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